CONVENIENT TOPOLOGY

Gerhard Preuß

Department of Mathematics, Free University of Berlin, Germany

Abstract. A new viewpoint of Topology, summarized under the name Convenient Topology, is considered in such a way that the structural deficiencies of topological and uniform spaces are remidied. This does not mean that these spaces are superfluous. It means exactly that a better framework for handling problems of a topological nature is used. In this context semiuniform convergence spaces play an essential role. They include not only convergence structures such as topological structures and limit space structures, but also uniform convergence structures such as uniform structures and uniform limit space structures, and they are suitable for studying continuity, Cauchy continuity and uniform continuity as well as convergence structures in function spaces, namely simple convergence, continuous convergence and uniform convergence. Several results are presented which cannot be obtained by using topological or uniform spaces respectively.

Mathematics Subject Classifications (1991). 54A05, 54A20, 54C35, 54D05, 54D45, 54D50, 54E15, 18A40, 18D15.

Keywords: Topological constructs, bireflective and bicoreflective subconstructs, extensionality (=hereditariness), (strong) cartesian closedness, (strong) topological universes, semiuniform convergence spaces, local (pre)compactness, local connectedness.

1. Introduction

Up to the middle of the thirty’s mainly topological spaces have been studied in Topology. Some years later also uniform spaces (cf. [41] and [40]) have been investigated and thus concepts such as completeness, uniform continuity and uniform convergence were no longer excluded from consideration in a more general context than that one of metric spaces. But neither topological spaces nor uniform spaces are always well behaved with respect to the formation of function spaces, namely in 1946 Arens [2; Satz 3] proved that on the set C(IRIN, [0, 1]) of all continuous maps from the (usual) topological space IRIN of all sequences of real numbers into the closed unit interval [0, 1] there is no coarsest topology such that the evaluation map ev : IRIN × C(IRIN, [0, 1]) → [0, 1], defined by ev((x_n), f)) = f((x_n)), is continuous. In other words: On the set C(IRIN, [0, 1]) there is no topology describing continuous convergence, originally defined by Hahn [17] in 1921. Thus, for infinite–dimensional Analysis continuous convergence cannot be described in the realm of topological spaces. The situation for uniform spaces is similar, namely it is not hard to prove that on the set U(IR_u, IR_u) of all uniformly continuous maps from the usual uniform space IR_u of real numbers into itself there is no uniformity such that the evaluation map ev : IR_u × U(IR_u, IR_u) → IR_u is uniformly continuous (cf. e.g. [4]).

In the fifty’s Kowalsky [25] and Fischer [14] (independently) introduced limit spaces

(also called convergence spaces) as a generalization of topological spaces. In 1965 their usefulness for studying continuous convergence became apparent (cf. [8]).

In the language of category theory the above mentioned results mean that the category Lim of limit spaces (and continuous maps) is cartesian closed whereas the category Top of topological spaces (and continuous maps) [resp. Unif of uniform spaces (and uniformly continuous maps)] is not cartesian closed. According to Steenrod [39] desirable categories of spaces in Topology should be cartesian closed in order to be convenient. Since Top is nicely embedded into Lim, the question arises whether Unif can be nicely embedded into a cartesian closed (topological) category. This problem has been solved by Wyler [42] who proposed to weaken one of the axioms for uniform limit spaces introduced by Cook and Fischer [9] in 1967 (cf. also [26]). The resulting category is denoted by ULim.

Besides cartesian closedness other convenient properties of topological constructs have been studied later on, namely

1. Extensionality [= hereditariness] (cf. [22]); and 2. Arbitrary products of quotients are quotients.

Roughly speaking topological constructs are categories of structured sets (and structure preserving maps) in which initial and final structures are available, e.g. products, subspaces, sums (=coproducts) and quotient spaces can be formed. A cartesian closed and extensional topological construct is also called a topological universe, in other words: A topological universe is a topological construct which is a quasitopos in the sense of M.J. Penon [27]. Extensionality means that final sinks are hereditary, i.e. in particular that quotients are hereditary. This is not true in Top in general (note: In 1963 Arhangels’kii [3] described the hereditary quotient maps in Top [i.e. those quotient maps f : X → Y in Top such that for each subspace B ⊂ Y , the restriction f | | |f −1_[B_] : f^{−1}[B] → B is also a

quotient map] as the pseudo–open maps [i.e. those surjective continuous maps f : X → Y such that a point y ∈ Y belongs to the interior of f[U] for any neighborhood U of f^{−1}(y)]), but it is true in Lim. Hereditariness of quotients plays an essential role in the theory of connection and disconnection (cf. [35] and [28; 4.1]). In cartesian closed topological constructs quotients are always finitely productive but they need neither be countably productive nor hereditary as the topological construct Chy of Cauchy spaces (and Cauchy continuous maps) shows (cf. [6]). A topological universe C is called strong provided that in C products of quotients are quotients. Lim is a strong topological universe whereas ULim is not even a topological universe (cf. [4]).

Many attempts have been made in the past to embed topological and uniform spaces into a common topological superconstruct (e.g. quasiuniform spaces by Nachbin (cf. [15]), syntopogeneous spaces by Császár [10], generalized topological spaces (= supertopological spaces) by Doitchinov [11], merotopic spaces (= seminearness spaces) by Katětov [24] and nearness spaces by Herrlich [19]), but none of them led to a cartesian closed topological construct.

The aim of Convenient Topology consists in the study of strong topological universes in which convergence structures (e.g. Lim–structures) and uniform convergence structures

(e.g. ULim–structures) are available. Furthermore, such a strong topological universe should be easily described by means of suitable axioms and should not be to big. Omitting two of the defining axioms of uniform limit spaces one obtains semiuniform convergence spaces and the topological construct SUConv of semiuniform convergence spaces (and uniformly continuous maps) fulfills the above mentioned criteria. Thus, in the realm of Convenient Topology we are mainly concerned with semiuniform convergence spaces or more exactly with the study of SUConv–invariants, i.e. properties of semiuniform convergence spaces which are preserved by isomorphisms in SUConv (this includes the study of full and isomorphism–closed subconstructs of SUConv). Therefore, the study of (symmetric) topological spaces and uniform spaces belongs to Convenient Topology, but it includes also the study of many other important topological constructs such as ULim, KConv_s (= construct of symmetric Kent convergence spaces), Fil (= construct of filter spaces in the sense of Katětov [24]), Chy and Prox (= construct of proximity spaces in the sense of Efremovič [12]). (cf. the diagram under 2.10). The terminology of this article corresponds to [1] and [29].

Conventions. 1) A filter on a set X is not allowed to contain the empty set ∅. 2) Subcategories are always assumed to be full and isomorphism–closed.

2. Topological constructs

2.1. By a construct we mean a category C whose objects are structured sets, i.e. pairs (X, ξ) where X is a set and ξ a C–structure on X, whose morphisms f : (X, ξ) → (Y, η) are suitable maps between X and Y and whose composition law is the usual composition of maps.

2.2 Definition. 1) A construct C is called topological iff it satisfies the following conditions:

(1) Existence of initial structures.

For any set X, any family ((X_i, ξ_i))_{i∈I} of C–objects indexed by a class I and any family (f_i : X → X_i)_{i∈I} of maps indexed by I, there exists a unique C–structure ξ on X which is initial with respect to (X, f_i, (X_i, ξ_i), I), i.e. such that for any C–object (Y, η) a map g : (Y, η) → (X, ξ) is a C–morphism iff for every i ∈ I the composite map f_i ∘ g : (Y, η) → (X_i, ξ_i) is a C–morphism.

(2) For any set X, the class of all C–structures on X is a set.

(3) For any set X with cardinality at most one, there exists exactly one C–structure on X. 2.3 Proposition. For a construct C the following are equivalent:

(1) C satisfies (1) in 2.2.

(2) For any set X, any family ((X_i, ξ_i))_{i∈I} of C–objects indexed by some class I and any family (f_i, X_i → X)_{i∈I} of maps indexed by I, there exists a unique C–struture ξ on X which is final with respect to ((X_i, ξ_i), f_i, X, I), i.e. for any C–object (Y, η), a map g : (X, ξ) → (Y, η) is a C–morphism iff for every i ∈ I the composite map g ∘ f_i : (X_i, ξ_i) → (Y, η) is a C–morphism.

Proof. cf. [29;1.2.1.1.]

2.4 Remarks. 1) If C is a topological construct and X is a set, then the set C_X of all C–structures on X, ordered by ξ ≤ η ⇔ 1_X : (X, ξ) → (X, η) is a C–morphism, is a complete lattice. ξ is called finer then η (and η coarser then ξ) provided that ξ ≤ η. 2) Let C be a topological construct. Then the initial (resp. final) C– structure on a set X with respect to (X, f_i, (X_i, ξ_i), I) (resp. ((X_i, ξ_i), f_i, X, I)) is the coarsest (resp. finest) C–structure on X such that each f_i : X → X_i (resp. f_i : X_i → X) is a C–morphism.

3) Since in a topological construct C, initial and final structures are available, products, subspaces, sums (= coproducts) and quotient spaces can be formed in C. It is easily checked that in a topological construct sums of quotients are quotients (of sums), but products of quotients need not be quotients (of products) (cf. e.g. [13;2.4.20]).

2.5 Examples of topological constructs.

1) The construct Top of topological spaces (and continuous maps). 2) The construct Unif of uniform spaces (and uniformly continuous maps). 3) The construct Prox of proximity spaces (and δ–maps).

4) The construct GConv, KConv, Lim, PsTop and PrTop of generalized convergence spaces, Kent convergence spaces, limit spaces, pseudotopological spaces and pretopological spaces (and continuous maps) respectively.

(Let X be a set, F (X) the set of all filters on X and q ⊂ F (X) × X. Consider the following conditions:

C_1) (ẋ, x) ∈ q for each x ∈ X, where ẋ = {A ⊂ X : x ∈ A}.

C_2) (G, x) ∈ q whenever (F, x) ∈ q and F ⊂ G.

C_3) (F ∩ ẋ) ∈ q whenever (F, x) ∈ q.

C_4) (F ∩ G, x) ∈ q whenever (F, x) ∈ q and (G, x) ∈ q.

C_5) (F, x) ∈ q whenever (G, x) ∈ q for each ultrafilter G ⊃ F.

C_6) (U_q(x), x) ∈ q where U_q(x) = ⋂ {F : (F, x) ∈ q}. Then (X, q) is called a generalized convergence space if C_1) and C_2) are satisfied, a Kent convergence space if C_1), C_2) and C_3) are satisfied, a limit space if C_1), C_2) and C_4) are satisfied, a pseudotopological space or Choquet space if C_1), C_2) and C_5) are satisfied, and a pretopological space if C_1), C_2) and C_6) are satisfied.

Instead of (F, x) ∈ q one usually writes F → x (read: F converges to x). In each case the morphisms are all continuous maps, i.e. those maps carrying filters converging to x to filters converging to f(x).)

5) The constructs GConv_s, KConv_s, Lim_s, PsTop_s, PrTop_s and Top_s of symmetric generalized convergence spaces, symmetric Kent convergence spaces, symmetric limit spaces, symmetric pseudotopological spaces, symmetric pretopological spaces and symmetric topological spaces (and continuous maps) respectively (A generalized convergence space (X, q) is called symmetric provided that the following is satisfied:

(S) (F, x) ∈ q and y ∈ ∩F imply (F, y) ∈ q.

In particular, a topological space X is symmetric if and only if it is an R_0–space , i.e. x ∈ {y} implies y ∈ {x} for each (x, y) ∈ X × X). 6) The construct Fil (resp. Chy) of filter spaces (resp. Cauchy spaces) and Cauchy continuous maps.

(Let X be a set and γ ⊂ F (X). Consider the following conditions

(1) ẋ ∈ γ for each x ∈ X.

(2) G ∈ γ whenever F ∈ γ and F ⊂ G.

(3) If F and G belong to γ such that every member of F meets every member of G, then F ∩ G belongs to γ.

Then (X, γ) is called a filter space (resp. Cauchy space) if (1) and (2) (resp. (1), (2) and (3)) are satisfied and the elements of γ are called Cauchy filters. A map f : (X, γ) → (X^′, γ^′) between filter spaces is called Cauchy continuous provided that f(F) ∈ γ^′ for each F ∈ γ.)

7) The constructs SUConv, SULim and ULim of semiuniform convergence spaces, semiuniform limit spaces and uniform limit spaces (and uniformly continuous maps) respectively.

(Let X be a set and J_X ⊂ F (X × X). Consider the following conditions:

UC_1) ẋ × ẋ ∈ J_X for each x ∈ X, where ẋ × ẋ = {A ⊂ X × X : (x, x) ∈ A}.

UC_2) F ∈ J_X whenever G ∈ J_X and G ⊂ F.

UC_3) F ∈ J_X implies F^{−1} = {F^{−1} : F ∈ F} ∈ J_X , where F^{−1} = {(x, y) ∈ X × X : (y, x) ∈ F }. UC_4) F ∈ J_X and G ∈ J_X imply F ∩ G ∈ J_X.

UC_5) F ∈ J_X and G ∈ J_X imply F ∘ G ∈ J_X (whenever F ∘ G exists, i.e. F ∘ G = {(x, y) : ∃z ∈ X with (x, z) ∈ G and (z, y) ∈ F } ≠ ϕ for every F ∈ F, G ∈ G), where F ∘ G is the filter generated by the filter base {F ∘ G : F ∈ F and G ∈ G}.

Then (X, J_X ) is called a semiuniform convergence space provided that UC_1), UC_2) and UC_3) are fulfilled. A semiuniform convergence space (X, J_X ) is called a semiuniform limit space provided that UC_4) is satisfied. A semiuniform limit space satisfying UC_5) is called a uniform limit space.

A map f : (X, J_X ) → (X, J_Y ) between semiuniform convergence spaces is called uniformly continuous provided that (f × f)(J_X) ⊂ J_Y , i.e. (f × f)(F) ∈ J_Y for each F ∈ J_X. Let X be a set and (X_i, J_{Xi} ))_{i∈I} a family of semiuniform convergence spaces, semiuniform limit spaces or uniform limit spaces respectively. Then J_X = {F ∈ F (X × X) : (f_i × f_i)(F) ∈ J_{Xi} for each i ∈ I} is the initial SUConv–, SULim– or ULim–structure respectively w.r.t. the given data.)

2.6. In the following, subconstructs A of a topological construct C are always assumed to be

1. full, i.e. for each pair (A, B) of A–objects the set of all morphisms between A and B is in A and in C the same. and 2. isomorphism-closed, i.e. each C–object being isomorphic to an A–object is an A-object.

In order to describe the relationship between most of the above mentioned topological constructs the following definition is useful.

2.7 Definition. A subconstruct A of a topological construct C is called bireflective (resp. bicoreflective) provided that for each C–object (X, ξ) there is a [unique] A–structure ξ_A on X which is coarser than ξ (resp. finer than ξ) such that for each A–object (Y, η) and each C–morphism f : (X, ξ) → (Y, η) (resp. f : (Y, η) → (X, ξ)), f : (X, ξ_A) → (Y, η) (resp. f : (Y, η) → (X, ξ_A)) is a C–morphism. ξ_A is called the bireflective (resp. bicoreflective) A–modification of the C–structure ξ.

2.8 Remark. The bireflective (resp. bicoreflective) A–modificatin ξ_A of the C–structure ξ [cf. 2.7.] is the finest one (resp. coarsest one) of all C–structure ξ^′ on X which are coarser (resp. finer) than ξ and for which (X, ξ^′) ∈ |A| (cf. [29;2.2.11]).

2.9 Proposition (cf. [29;2.2.12 and 2.2.13.]). Let A be a subconstruct of a topological construct. Then A is topological provided that A is bireflective (resp. bicoreflective) in C. Particularly, if A is bireflective (resp. bicoreflective) in C, then the initial structures (resp. final structures) in A are formed as in C, whereas the final structures (resp. initial structures) arise from the final structures (resp. initial structures) in C by bireflective (resp. bicoreflective) A–modification.

2.10. In the following diagram r (resp. c) stands for embedding as a bireflective (resp. bicoreflective) subconstruct (cf. [31;9]).

Unif

ULim

SULim

SUConv

Prox

Top_s

PrTop_s

PsTop_s

Lim_s

KConv_s

KConv

GConv

T_{2W} −Lim Chy

Fil

6

6

6

           6

                      6

                      6

                      6

                      6

                      6

                      6

    HHHY

         PPPP

     PPPi

         HHH

      HHH

    HHY

                   PPPP

               PPPi

             @@

            @I
                �

                  �*
       �

         �`

             �

               �

                  �*

r r r

r c r c

r c

r r r r r

r r c r r c

(T_{2W}–Lim denotes the construct of weakly Hausdorff limit spaces and continuous maps, where a limit space (X, q) is called weakly Hausdorff [or T_{2W} ] provided that the existence of a filter F on X converging to x, y ∈ X implies {G ∈ F (X) : (G, x) ∈ q} = {H ∈ F (X) : (H, y) ∈ q}). 2.11 Remarks. 1) If (X, J_X ) is a semiuniform convergence space, then the bicoreflective Fil–modification γ_{JX} of J_X is described by F ∈ γ_{JX} ⇐⇒ F × F ∈ J_X . (X, γ_{JX} ) is called the underlying filter space of (X, J_X ).

2)a) If (X, γ) is a filter space, then the bicoreflective KConv_s–modification of γ is described by (F, x) ∈ q_γ ⇐⇒ F ∩ ẋ ∈ γ . b) If (X, J_X ) is a semiuniform convergence space, then (X, q_{γJX} ) is called the underlying (symmetric) Kent convergence space (shortly: the underlying convergence space) of (X, J_X ).

3. Natural function spaces

3.1 Definitions. 1) A topological construct C is called cartesian closed provided that for any pair (A, B) of C–ojects the set [A, B]_C of all C–morphisms from A to B can be endowed with the structure of a C–object denoted by B^A and called power object or natural function space such that the following are satisfied:

(1) The evaluation map e_{A,B} : A × B^A → B defined by e_{A,B}(a, g) = g(a) for each (a, g) ∈ A × B^A is a C–morphism.

(2) For each C–object C and each C–morphism f : A × C → B the map f : C → B^A defined by f(c)(a) = f(a, c) is a C–morphism.

2) A class–indexed family (f_i : (X_i, ξ_i) → (X, ξ))_{i∈I} of morphisms in a topological construct C is called a final epi–sink provided that X = ⋃ i∈I f_i[X_i] and ξ is

the final C–structure with respect to ((X_i, ξ_i), f_i, X, I).

3.2 Theorem. (cf. [18] or [29;4.1.4.]). Let C be a topological construct. Then the following are equivalent:

(1) C is cartesian closed.

(2) For any A ∈ |C| and any set–indexed family (B_i)_{i∈I} of C–objects, the following are satisfied: (a) A × ∐ i∈I B_i ∼= ∐ i∈I A × B_i. (b) If f is a quotient map, then so ist 1_A × f.

(3)(a) For any A ∈ |C| and any set–indexed family (B_i)_{i∈I} of C–objects the following is satisfied: A × ∐ i∈I B_i ∼= ∐ i∈I (A × B_i) (b) In C the product f × g of any two quotient maps f and g is a quotient map.

(4) For each C–object A holds: For any final epi–sink (f_i : B_i → B)_{i∈I} in C, (1_A × f_i : A × B_i → A × B)_{i∈I} is a final epi–sink.

3.3 Corollary (cf. [1;27.8] or [29;4.1.5.]). Let C be a cartesian closed topological construct. Then the following are satisfied:

(1) First exponential law: A^{B×C} ∼= (A^B)^C

(2) Second exponential law: ( ∏ i∈I A_i)^B ∼= ∏ i∈I A^B_i (3) Third exponential law: A ∐ i∈I B_i ∼= ∏ i∈I A^{Bi} (4) Distributive law: A × ∐ i∈I B_i ∼= ∐ i∈I A × B_i. 3.4 Corollary (cf. [1;27.9.(2)]). Let C be a cartesian closed topological construct and A a bicoreflective subconstruct which is closed under formation of finite products in C. Then A is cartesian closed, and the power–objects in A arise from the corresponding power–objects in C by bicoreflective A–modification of their underlying C–structures.

3.5 Remark. It is easily checked that a bireflective subconstruct A of a topological construct C, which is closed under formation of power–objects in C, is cartesian closed, and that the power–objects in A are formed as in A.

3.6 Proposition. Let C be a cartesian closed topological construct. If A and B are C– objects and ([A, B]_C, ξ) is the natural function space, then ξ is the coarsest C–structure for which the evaluation map e_{A,B} : A × ([A, B]_C, ξ) → B is a C–morphism.

Proof. Apply 3.1.1) (2) to f = e_{A,B}.

3.7 Examples. 1) Top is not cartesian closed, because in Top quotient maps are not finitely productive (cf. [13;2.4.20]). 2) Unif is not cartesian closed (cf. [4;1.5.5]).

3)a) SUConv is cartesian closed: Let X = (X, J_X ) and Y = (Y, J_Y ) be semiuniform convergence spaces. Then the power object Y^X is the set [X, Y]_{SUConv} of all uniformly continuous maps from X into Y endowed with the SUConv–structure J_{X,Y} = {ϕ ∈ F ([X, Y]_{SUConv} × [X, Y]_{SUConv}) : ϕ(F) ∈ J_Y for each F ∈ J_X} where ϕ(F) is the filter generated by the filter base {A(F ) : A ∈ ϕ, F ∈ F} with A(F ) = {(f(a), g(b)) : (f, g) ∈ A, (a, b) ∈ F }. J_{X,Y} is called the uniformly continuous SUConv– structure.

b) Since SULim (resp. ULim) is bireflective in SUConv and closed under formation of power–objects in SUConv, it is cartesian closed (cf. 3.5.) 4) Fil and Chy are cartesian closed: Let X = (X, γ) and X^′ = (X^′, γ^′) be filter spaces (resp. Cauchy spaces). Then the power–object X^{′X} is the set [X, X^′] of all Cauchy continuous maps from X into X^′ endowed with the Fil–structure (resp. Chy– structure) ^γ = {Θ ∈ F ([X, X^′]) : Θ(F) ∈ γ^′ for F ∈ γ}, where Θ(F) is the filter generated by the filter base {A(F ) : A ∈ Θ, F ∈ F} with A(F ) = {f(x) : f ∈ A, x ∈ F }. ^γ is called the Cauchy continuous Fil–structure (resp. Chy–structure). 5) Lim (resp. Lim_s) is cartesian closed: If X = (X, q) and X^′ = (X^′, q^′) are limit spaces (resp. symmetric limit spaces), then the power–object X^{′X} is the set [X, X^′] of all continuous maps from X into X^′ endowed with the Lim–structure (resp. Lim_s–structure) q̂ defined by (ψ, f) ∈ q̂ ⇔ (ψ(F), f(x)) ∈ q^′ for each (F, x) ∈ q , where ψ(F) = e_{X,X}′ (F × ψ), i.e. ψ(F) is the filter generated by the filter base {A(F ) : A ∈ ψ, F ∈ F}, where A(F ) = {f(z) : f ∈ A, z ∈ F }. q̂ is called the Lim–structure (resp. Lim_s–structure) of continuous convergence.

6) KConv (resp. KConv_s) is cartesian closed, but the natural function space structure is not the structure of continuous convergence (cf. [36;p. 145])

3.8 Theorem (cf. [31;7.2.]). A) Let (X, γ) (resp. (X^′, γ^′)) be a filter space and (X, J_γ ) (resp. (X^′, J_γ′ )) the corresponding semiuniform convergence space, i.e. J_γ = {F ∈ F (X × X) : ∃G ∈ γ with G × G ⊂ F}. Then the Cauchy continuous Fil–structure γ̂ on [(X, γ), (X^′, γ^′)]_{Fil} is the bicoreflective Fil–modification of the uniformly continuous SUConv–structure J_{X,X}′ on [(X, J_γ ), (X^′, J_γ′ )]_{SUConv}. B) Let (X, q) (resp. (X^′, q^′)) be a symmetric limit space and (X, γ_q) (resp. (X^′, γ_q′ )) the corresponding filter space, i.e. γ_q [resp. γ_q′ ] consists of all convergent filters in (X, q) [resp. (X^′, q^′)]. Then the Lim_s–strucure q̂ of continuous convergence is the bicoreflective KConv_s–modification of the Cauchy continuous Fil–structure γ̂ on

[(X, γ_q), (X^′, γ_q′ )]_{Fil} = [(X, q), (X^′, q^′)]_{KConvs} = [(X, q), (X^′, q^′)]_{Lims} .

3.9 Remarks. 1) It follows from 3.8 that the Lim_s–structure of continuous convergence can be derived from the natural function space structure in SUConv, namely from the uniformly continuous SUConv–structure.

2) The structures of simple convergence and uniform convergence can also be derived from the natural function space structure in SUConv (cf. [31;7.5.]).

4. Extensionality

4.1 Definitions. 1) In a topological construct C, a partial morphism from A to B is a C–morphism f : C → B whose domain is a subspace of A. 2) A topological construct C is called extensional (or hereditary) provided that every C–object B has a one–point extension B^∗ ∈ |C|, i.e. every B ∈ |C| can be embedded via the addition of a single point ∞_B into a C–object B^∗ such that, for every partial morphism f : C → B from A to B, the map f^∗ : A → B^∗ defined by

f^∗(a) = f(a) , if a ∈ C ∞_B , if a /∈ C . is a C–morphism.

3) A final sink (f_i : A_i → A)_{i∈I} in a topological construct C is called hereditary provided that the following is satisfied: If B is a subspace of A, B_i a subspace of A_i with underlying set f^{−1}_i [B] and g_i : B_i → B is the corresponding restriction of f_i, then (g_i : B_i → B)_{i∈I} is a final sink in C too.

4.2. Theorem (cf. [21]). For a topological construct C the following are equivalent:

(1) C is extensional.

(2) In C final sinks are hereditary. (3) In C final epi–sinks are hereditary.

(4) Quotients and coproducts in C (considered as final epi–sinks) are hereditary.

4.3 Proposition (cf. [37;2.6.]). Let C be an extensional topological construct and let (Y, η) ∈ |C|. If (Y^∗, η^∗) denotes the one–point extension of (Y, η), then η^∗ is the coarsest C − structure on Y^∗ = Y ∪ {∞_Y } such that (Y, η) is a subspace of (Y^∗, η^∗).

4.4 Proposition (cf. [37;4.1.]). Let C be an extensional topological construct and A a bicoreflective subconstruct which is closed under formation of subspaces in C. Then A is extensional, and the one–point extensions in A arise from the one-point extensions in C by bicoreflective A–modification of their underlying C–structures.

4.5 Remark. Obviously, if A is a bireflective subconstruct of an extensional topological construct C, which is closed under formation of one–point extensions in C, then A is an extensional topological construct, and the one–point extensions in A are formed as in C.

4.6 Examples. 1) Top is not extensional (cf. e.g. [20;Thm.2]) 2) Unif and ULim are not extensional (cf. e.g. [4;1.5.9.]). 3) SUConv is extensional: Let (X, J_X ) be a semiuniform convergence space. Put X^∗ = X ∪ {∞_X} with ∞_X /∈ X. For each M ⊂ X^∗ × X^∗, let M^∗ = M ∪ (X^∗ × {∞_X}) ∪ ({∞_X} × X^∗). For each F ∈ J_X, consider the filter F^∗ = {F^∗ : F ∈ F} on X^∗ × X^∗. Then (X^∗, J^∗_X) is the desired one–point extension of (X, J_X ) provided that J^∗_X = {H ∈ F (X^∗ × X^∗): there is some F ∈ J_X with F^∗ ⊂ H or {(∞_X, ∞_X )}^∗ ∈ H} ∪ { ˙∞_X × ˙∞_X }. 4) Fil is extensional: Let (X, γ) be a filter space and (X, J_γ ) its corresponding semiuniform convergence space (cf. 3.8.). If (X^∗, J^∗_γ ) is the one–point extension of (X, J_γ) in SUConv, then (X^∗, γ^∗) is the one–point extension of (X, γ) in Fil provided that γ^∗ = γ_J ∗_γ )(cf. 2.7.1)).

5)a) KConv is extensional: Let (X, q) be a Kent convergence space. Put X^∗ = X ∪ {∞_X} with ∞_X /∈ X. Let i : X → X^∗ be the inclusion map. A KConv– structure q^∗ on X^∗ is defined by

(F, x) ∈ q^∗ ⇐⇒ x = ∞_X or F = ˙∞_X or (i^{−1}(F), x) ∈ q ,

i.e. all filters on X^∗ converge to ∞_X, and ˙∞_X converges to all elements of X^∗, while in any other case the convergence behaviour of a filter F on X^∗ is determined by the convergence behaviour of the trace i^{−1}(F) on X (note: i^{−1}(F) exists iff F ≠ ˙∞_X ). Then (X^∗, q^∗) is the desired one–point extension of (X, q). b) KConv_s is not extensional (cf. [38]).

5. Strong topological universes

5.1 Definitions. Let C be a topological construct. Consider the following convenient properties:

CP_1) C is cartesian closed.

CP_2) C is extensional.

CP_3) In C products of quotients are quotients. Then C is called

1) strongly cartesian closed provided that C fulfills CP_1) and CP_3), 2) a topological universe provided that C fulfills CP_1) and CP_2), 3) a strong topological universe provided that C fulfills CP_1), CP_2) and CP_3).

5.2. Proposition. Let A be a topological construct.

1) If B is a bicoreflective subconstruct of A which is closed under formation of products in A, then B fulfills CP_3) whenever A fulfills CP_3).

2) If B is a bireflective subconstruct of A which is closed under formation of quotients in A, then B fulfills CP_3) whenever A fulfills CP_3).

5.3 Examples. 1) Top does not fulfill any of the above convenient properties (cf. 3.7.1) and 4.6.1)).

2) Unif fulfills CP_3) (cf. [23]), but it does not fulfill CP_1) and CP_2) (cf. 3.7.1) and 4.6.2)). The question whether ULim fulfills CP_3) is unsolved. 3) SUConv is a strong topological universe (cf. 3.7.3)a), 4.6.3) and [30;3.2.]).

4) Fil is a strong topological universe (cf. 3.7.4), 4.6.4) and note that according to 5.2., CP_3) follows from the fact that Fil is bicoreflective and bireflective in SUConv).

5) KConv_s is a strongly cartesian closed topological construct (cf. 3.7.6) and note that according to 5.2., CP_3) follows from the fact that KConv_s is bicoreflective in SUConv and closed under formation of products in SUConv by [31;3.13]), but it is not a strong topological universe (cf. 4.6.5)b)).

6) Chy is a cartesian closed topological construct (cf. 3.7.4)), but it fulfills neither CP_2) nor CP_3) (cf. [6]).

5.4. The deficiencies of Top and Unif lead to the following question:

What is the right framework for handling problems of a topological nature?

Obviously, it would be desirable to work in a strong topological universe in which convergence structures and uniform convergence structures are available. Furthermore, such a strong topological universe should be easily described by means of suitable axioms and should not be too big. The strong topological universe SUConv of semiuniform convergence spaces fulfills these criteria. Once having adopted semiuniform convergence spaces as the right concept of space in topology, it turns out that all classical results on topological and uniform spaces are a decisive part of the theory of semiuniform convergence spaces, because the study of semiuniform convergence spaces means exactly the study of SUConv–invariants, i.e. properties of semiuniform convergence spaces which are preserved by isomorphisms in SUConv. Thus, the study of subconstructs of SUConv (such as Unif and Top_s as well as all the other subconstructs according to 2.10.) is included. This point of view is summarized under the name

Convenient Topology.

6. Further Aspects In the following we will mention some results which cannot be obtained by using topological or uniform spaces respectively.

6.1. Local compactness

6.1.1 Definitions. 1) A semiuniform convergence space (X, J_X) is called compact provided that for each ultrafilter U on X there is some x ∈ X with (U, x) ∈ q_{γJX} (cf. 2.11.). 2) A subset A of a semiuniform convergence space (X, J_X ) is called compact provided that (A, J_A) is compact, where J_A is the initial SUConv–structure on A with respect ot the inclusion map i : A → X.

3) A semiuniform convergence space (X, J_X ) is called locally compact provided that each F ∈ J_X contains a compact subset of the product space (X, J_X ) × (X, J_X ).

6.1.2 Theorem (cf. [32;3.9.]). The construct LC–SUConv of locally compact semiuniform convergence spaces (and uniformly continuous maps) is cartesian closed and topological.

6.1.3 Theorem (cf. [32;3.12.]). A semiuniform convergence space (X, J_X ) is compactly generated, i.e. J_X is the final SUConv–structure with respect to the family (j_i : (K_i, J_{Ki}) → (X, J_X )) of the inclusions of all compact subspaces of (X, J_X), if and only if it is locally compact.

6.1.4 Remark. Concerning 6.1.2. and 6.1.3. the Hausdorff axiom (i.e. the uniqueness of filter convergence) is not assumed. As is well–known in the realm of topological spaces, the concepts ‘compactly generated’ and ‘locally compact’ do not coincide, and furthermore, (compact Hausdorff)–generated spaces form a cartesian closed subconstruct of Top, whereas (compact)–generated spaces do not form a cartesian closed subconstruct. Last but not least even (compact Hausdorff)–generated topological spaces have not been described by means of suitable axioms.

6.2 Local precompactness

6.2.1 Definitions. 1) A semiuniform convergence space (X, J_X ) is called precompact (or totally bounded) provided that for each ultrafilter U on X, U ∈ γ_{JX} (cf. 2.11.). 2) A subset A of a semiuniform convergence space (X, J_X ) is called precompact provided that A is precompact as a subspace. 3) A semiuniform space (X, J_X ) is called locally precompact provided that each F ∈ J_X contains a precompact subset of the product space (X, J_X ) × (X, J_X ).

6.2.2 Theorem (cf. [3;3.12]). The construct LPC–SUConv of locally precompact semiuniform convergence spaces (and uniformly continuous maps) is a topological universe.

6.2.3 Theorem (cf. [33;3.15]) A semiuniform convergence space (XJ_X ) is precompactly generated, i.e. J_X is the final SUConv–structure with respect to the family (j_i : (K_i, J_{Ki} ) → (X, J_X )) of the inclusions of all precompact subspaces of (X, J_X ), if and only if it is locally precompact.

6.2.4 Remarks. 1) 6.2.3. is used (together with the cartesian closedness of SUConv) to characterize precompactness in the natural function spaces of SUConv (cf. [34] and [43]), a useful tool for deriving the classical Ascoli theorem. 2) It is not hard to derive from 6.2.2. that the construct LPC–Fil of locally precompact filter spaces (and Cauchy continuous maps) is a topological universe (cf. [33;4.1.]). This one has been used by H.L. Bentley and H. Herrlich [5] for proving Ascoli type theorems.

6.3. Local connectedness

6.3.1 Definitions. 1) Let E be a class of semiuniform convergence spaces. Then a semiuniform convergence space (X, J_X ) is called E–connected provided that each uniformly continuous map f : (X, J_X ) → (E, J_E) is constant for each (E, J_E) ∈ E. 2) A semiuniform convergence space (X, J_X ) is called locally E– connected provided that for each F ∈ J_X , there is some subfilter G ∈ J_X together with a filter base B for G consisting of E–connected subsets of (X, J_X ) × (X, J_X ).

6.3.2 Remarks. 1) If E = {({0, 1}, {˙0× ˙0, ˙1× ˙1})}, then E–connectedness means connectedness in the usual sense. If there E = {D^Δ_2 }, where D^Δ_2 denotes the two–point discrete uniform space, then E–connectedness means uniform connectedness, e.g. a metric space (X, d) (considered as a uniform space) is uniformly connected iff it is Cantor–connected (i.e. for each ε > 0 and any pair of points x, y ∈ X there is a finite sequence x_1, . . . , x_n of points of X with x_1 = x, y_n = y and d(x_i, x_{i+1}) < ε for each i ∈ {1, . . . , n − 1}. (cf. G. Cantor [7;p. 575]). Obviously, the metric space IQ of rational numbers is Cantor– connected.

2) The theory of E–connectedness (resp. E–disconnectedness) in the realm of semiuniform convergence spaces profits from the fact that SUConv is extensional (cf. [31]).

6.3.3 Theorem (cf. [31;6.3.6]). The construct LConv_E of locally E–connected semiuniform convergence spaces (and uniformly continuous maps) is cartesian closed and topological.

6.4 Completion of uniform spaces via natural function spaces As is well–known every metric space X has a completion which can be obtained by means of a certain function space of real–valued functions on X (cf. e.g. [21;3.6.3 and 3.6.4.]). In the realm of uniform spaces a corresponding procedure is unknown. But if Unif is considered to be embedded into ULim, a completion for separated uniform spaces, which is isomorphic to the usual Hausdorff completion for separated uniform spaces, can be obtained via the natural function spaces in ULim. This has been demonstrated by Gazik, Kent and Richardson [16]. Since the power objects in ULim are formed as in SUConv, their results remain valid in the realm of semiuniform convergence spaces.

References

[1] Adámek, J., H. Herrlich, and G.E. Strecker: 1990, Abstract and Concrete Categories, Wiley–Intersci. Publ., New York.

[2] Arens, R.F.: 1946, ‘A topology for spaces of transformation’, Ann. Math. 47, 480– 495.

[3] Arhangel’skii, A.V.: 1963 ‘Some types of factor mappings, and the relation between classes of topological spaces’, Dokl. Akad. Nauk SSSR 153, 743–746 (= Soviet

Math. Dokl. 4, 1726–1729.

[4] Behling, A.: 1992, Einbettung uniformer Räume in topologische Universen, Thesis, Free University, Berlin.

[5] Bentley, H.L. and H. Herrlich: 1984, ‘Ascoli’s theorem for a class of merotopic spaces’, In: Convergence structures (Proc. Conf. Convergence, Bchyně), pp. 47–53, Mathematical Research 24, Akademie Verlag, Berlin.

[6] Bentley, H.L., H. Herrlich and E. Lowen–Colebunders: 1976, ‘The category of Cauchy spaces is cartesian closed’, Topology Appl. 27, 105–112.

[7] Cantor, G.: 1883, ‘Über endliche, lineare Punktmannigfaltigkeiten’, Math. Ann. 21, 545–591.

[8] Cook, C.H. and H.R. Fischer: 1965, ‘On equicontinuity and continuous convergence’, Math. Ann. 159, 94–104.

[9] Cook, C.H. and H.R. Fischer: 1967, ‘Uniform convergence spaces’, Math. Ann.

173, 290–306.

[10] Császár, A.: 1963, Foundations of General Topology, Macmillan, New York. [11] Doitchinov, D.B.: 1964, ‘A unified theory of topological spaces, proximity spaces and uniform spaces’, Soviet Math. Dokl. 5, 595–598.

[12] Efremovič, V.A.: 1952 ‘Geometry of proximity’, Math. Sb. 31, (73), 189–200. [13] Engelking, R.: 1977, General Topology, PWN–Polish Scientific Publ., Warsaw. [14] Fischer, H.R.: 1959, ‘Limesräume’, Math. Ann. 137, 269–303. [15] Fletcher, P. and W.F. Lindgren: 1982, Quasi–Uniform Spaces, Marcel Dekker, New York and Basel.

[16] Gazik, R.J., D.C. Kent and G.D. Richardson: 1974, ‘Regular completions of uniform convergence spaces’, Bull. Austral. Math. Soc. 11, 413–424.

[17] Hahn, H.: 1921, Theorie der reellen Funktionen, Berlin.

[18] Herrlich, H.: 1974, ‘Cartesian closed topological categories’, Math. Coll. Univ. Cape Town 9, 1–16.

[19] Herrlich, H.: 1974, ‘Topological structures’, In: Math. Centre Tracts 52, pp. 59– 122, Math. Centrum, Amsterdam.

[20] Herrlich, H.: 1983, ‘Are there convenient subcategories of Top?’, Topology Appl. 15, 263–271.

[21] Herrlich, H.: 1986, Einführung in die Topologie, Heldermann, Berlin.

[22] Herrlich, H.: 1988, ‘Hereditary topological constructs’, In: General Topology and its Relations to Modern Analysis and Algebra VI (Z. Folik, ed.), pp. 249–262, Heldermann, Berlin.

[23] Hušek, M. and M.D. Rice: 1978, ‘Productivity of coreflective subcategories of uniform spaces’, Gen. Top. Appl. 9, 295–306.

[24] Katětov, M.: 1965, ‘On continuity structures and spaces of mappings’, Comm.

Math. Univ. Carolinae 6, 257–278.

[25] Kowalsky, H.–J.: 1954, ‘Limesräume und Komplettierung’, Math. Nachrichten 12, 301–340.

[26] Lee, R.S.: 1976, ‘The category of uniform convergence spaces is cartesian closed’, Bull. Austral. Math. Soc. 15, 461–465.

[27] Penon, M.J.: 1973, ‘Quasitopos’, C.R. Acad. Sci. Paris, Sér. A. 276, 237–240. [28] Preuß, G.: 1982, ‘Connectednesses and disconnectednesses in S–Near’, In: Lecture Notes in Mathematics 915, pp. 275–292, Springer, Berlin.

[29] Preuß, G.: 1988, Theory of Topological Structures, Reidel, Dordrecht. [30] Preuß, G.: 1993, ‘Cauchy spaces and generalizations’, Math. Japonica 38, 803–812. [31] Preuß, G.: 1995, ‘Semiuniform convergence spaces’, Math. Japonica 41, 465–491. [32] Preuß, G.: 1996, ‘Local compactness in semiuniform convergence spaces’, Quaest.

Math. 19, 453–466.

[33] Preuß, G.: 1997, ‘The topological universe of locally precompact semiuniform convergence spaces’, Topology Appl. 20, 1–10.

[34] Preuß, G.: 1997, ‘Precompactness and compactness in the natural function spaces of the category of semiuniform convergence spaces’, Q & A in General Topology 15 (to appear).

[35] Salicrup, G. and R. Vázquez: 1979, ‘Connection and disconnection’, In: Categorical Topology, pp. 326–344, Lecture Notes Math. 719, Springer, Berlin.

[36] Schwarz, F.: 1983, ‘Funktionenräume und exponentiale Objekte in punktetrennend initialen Kategorien’, Thesis, Univ. Bremen.

[37] Schwarz, F.: 1986, ‘Hereditary topological categories and topological universes’, Quaest. Math. 10, 197–216.

[38] Schwarz, F.: 1991, ‘Representability of partial morphisms in topological and monotopological constructs’, Quaest. Math. 14, 1–10.

[39] Steenrod, N.E.: 1967, ‘A convenient category of topological spaces’, Mich. Math. J.

14, 133–152.

[40] Tukey, J.W.: 1940, Convergence and Uniformity in Topology, University Press, Princeton.

[41] Weil, A.: 1937, ‘Sur les espaces à structures uniformes et sur la topologie générale, Hermann, Paris.

[42] Wyler, O.: 1974, ‘Filter space monads, regularity, completions’, In: Topo 72 – General Topology and its Applications’, pp. 591–637, Lecture Notes Math. 378, Springer, Berlin.

[43] Wyler, O.: 1984, ‘Ascoli theorems for cartesian closed categories’, In: Categorical Topology (Proc. Conf. Toledo, Ohio 1983), pp. 599–617, Sigma Series in Pure Mathematics 5, Heldermann, Berlin.