HIGHER SEPARATION AXIOMS, PARACOMPACTNESS AND DI- MENSION FOR SEMIUNIFORM CONVERGENCE SPACES

Gerhard Preuß

Department of Mathematics, Free University of Berlin, Germany

Dedicated to Professor Lamar Bentley on his 60th birthday

Abstract. Higher separation axioms, paracompactness and dimension are defined for semiuniform convergence spaces. Under the assumption that subspaces are formed in the construct SUConv of semiuniform convergence spaces one obtains the following results: 1^0 Subspaces of normal (symmetric) topological spaces are normal, 2^0 subspaces of paracompact topological spaces are paracompact, and 3^0 for some dimension functions, the dimension of a subspace is less than or equal to the dimension of the original space, where these dimension functions coincide with the (Lebesgue) covering dimension for paracompact topological spaces. Additionally, Urysohn’s Lemma, Tietze’s extension theorem and some other extension theorems are studied not only in the realm of topological spaces. Last but not least the interrelations between nearness spaces and semiuniform convergence spaces become apparent.

Mathematics Subject Classifications (1991). 54A05, 54A20, 54E05, 54E15, 54E17, 54B05, 54D15, 54D18, 54F45, 54F60, 18A40.

Keywords: Complete regularity, normality, full normality, paracompactness, dimension, semiuniform convergence spaces, filter spaces, convergence spaces, topological spaces, merotopic spaces, nearness spaces, uniform spaces, maps into spheres, bireflective subcategories.

0. Introduction

It is well–known that the construct Top of topological spaces has several deficiencies, e.g. there do not exist natural function spaces in general (i.e. Top is not cartesian closed) and quotients are not hereditary (cf. [7; Thm. 2]). Furthermore, the formation of subspaces in Top is not satisfactory as the following example shows: Though a point or the closed point interval [0, 1] are distinguishable (they are non–homeomorphic), the topological spaces obtained from the real line RI by removing a point or [0, 1] are not distinguishable (they are homeomorphic). Additionally, uniform concepts such as uniform continuity, completeness or uniform convergence cannot be explained in the framework of topological spaces. In Convenient Topology (cf. [16]) all these deficiencies are remidied by introducing semiuniform convergence spaces (cf. [15]). In particular, one obtains non–isomorphic spaces in the above example provided that subspaces are formed in the construct SUConv of semiuniform convergence spaces instead of Top. This better behaviour of subspaces in SUConv leads to much nicer results even for classical topological concepts such as paracompactness, normality or covering dimension as will be explained in the following:

According to Katětov [10] filter spaces can be described in the framework of merotopic spaces. On the other hand, filter spaces have also been described in the realm of semiuniform convergence spaces (cf. [15]). Thus, they form the link between semiuniform convergence spaces and merotopic spaces. From this fact profit the definitions of complete regularity, normality, full normality (resp. paracompactness) and dimension for semiuniform convergence spaces which are introduced in this article (complete regularity of filter spaces has been studied earlier in [2] and [3]). It turns out that all higher separation axioms studied here are hereditary and that for the small and the large filter–dimension introduced here, the dimension of a subspace is less than or equal to the dimension of the original space, where these dimension functions coincide with the (Lebesgue) covering dimension for paracompact topological spaces.

Additionally, Urysohn’s Lemma and Tietze’s extension theorem are stated for normal filter spaces, and an extension theorem for Cauchy continuous (resp. uniformly continous) maps into spheres is related to the small filter dimension (resp. small uniform dimension) of normal filter spaces (resp. uniform spaces).

Nearness spaces introduced by Herrlich [6] form an important special case of merotopic spaces and several results on them are needed for the above mentioned theorems on semiuniform convergence spaces.

The terminilogy of this article corresponds to [1] and [13].

1. Preliminaries

For the convenience of the reader some basic definitions are repeated. A semiuniform convergence space is a pair (X, J_X ), where X is a set and J_X a set of filters on X ×X such that 1^0 ẋ×ẋ ∈ J_X for each x ∈ X (where ẋ = {A ⊂ X : x ∈ A}), 2^0 G ∈ J_X whenever F ∈ J_X and F ⊂ G, and 3^0 F ∈ J_X implies F^{−1} = {F^{−1} : F ∈ F} ∈ J_X (where F^{−1} = {(y, x) : (x, y) ∈ F }). A map f : (X, J_X ) −→ (Y, J_Y ) between semiuniform convergence spaces is called uniformly continuous provided that (f × f)(F) ∈ J_Y for each F ∈ J_X . The construct of semiuniform convergence spaces is denoted by SUConv.

A uniform space (X, V) in the sense of Weil [21] may be considered to be a semiuniform convergence space (X, J_X ) with J_X = [V] where [V] = {F ∈ F (X × X) : F ⊃ V} and F (X × X) denotes the set of all filters on X × X. In this case (X, J_X ) is also called a principal uniform limit space. A symmetric topological space (= R_0–space) (X, X ) may be considered to be a semiuniform convergence space (X, J_X ), where J_X = {F ∈ F (X × X): there is some x ∈ X with F ⊃ U_X (x) × U_X (x)} and U_X (x) denotes the neighborhood filter of x ∈ X w.r.t. X . In this case (X, J_X ) is called a topological semiuniform convergence space.

Every semiuniform convergence space (X, J_X ) has an underlying filter space (X, γ_{JX} ), where γ_{JX} = {F ∈ F (X) : F × F ∈ J_X } and F (X) denotes the set of all filters on X (remember that a filter space is a pair (X, γ), where X is a set and γ ⊂ F (X) contains all filters ẋ with x ∈ X and for each F ∈ γ, all filters G on X with F ⊂ G; a map f : (X, γ) −→ (X^′, γ^′) between filter spaces is called Cauchy continuous provided that f(F) ∈ γ^′ for each F ∈ γ). Furthermore, a filterspace (X, γ) may be considered to be a semiuniform convergence space (X, J_γ ) where J_γ = {F ∈ F (X × X) : there is some G ∈ γ with G × G ⊂ F}. In particular, a semiuniform convergence (X, J_X ) is called Fil–determined provided that J_X = J_{γJX} .

A symmetric Kent convergence space is a pair (X,q) where X is a set and q ⊂F (X)× X such that 1^0 (ẋ, x) ∈ q for each x ∈ X, 2^0 (G, x) ∈ q whenever (F, x) ∈ q and G ⊃ F, 3^0 (F ∩ ẋ, x) ∈ q whenever (F, x) ∈ q, and 4^0 (F, x) ∈ q and y ∈ ⋂ {F : F ∈ F} imply (F, y) ∈ q (symmetry condition). A map f : (X, q) −→ (X^′, q^′) between (symmetric) Kent convergence spaces is called continuous provided that (f(F), f(x)) ∈ q^′ for each (F, x) ∈ q. The construct of symmetric Kent convergence spaces is denoted by KConv_S. Every semiuniform convergence space(X, J_X ) has an underlying symmetric Kent convergence space (X, q_{γJX} ) defined by (F, x) ∈ q_{γJX} iff F ∩ ẋ ∈ γ_{JX} . Furthermore, a symmetric Kent convergence space (X, q) may be considered to be a semiuniform convergence space (X, J_{γq} ) where γ_q = {F ∈ F (X): there is some x ∈ X with (F, x) ∈ q}. For every symmetric Kent convergence space (X, q) a closure operator cl_q is defined by cl_qA = {x ∈ X: there is some F ∈ F (X) with (F, x) ∈ q and A ∈ F} for each subset A of X; occasionally, one writes A instead of cl_qA. In particular, X_q = {O ⊂ X : cl_q(X\O) = X\O} is a topology on X. For each topological space (X, X ), define q_X ⊂ F (X) × X by (F, x) ∈ q_X iff F ⊃ U_X (x). A symmetric Kent convergence space (X, q) is called topological provided that q = q_{Xq} .

A subset A of a semiuniform convergence space (X, J_X ) is called closed (resp. dense) provided that A = cl_{qγJX} A (resp. cl_{qγJX} A = X). A semiuniform convergence space (X, J_X ) is called regular provided that for each F ∈ J_X the subfilter^{∗)} F generated by the filter base {F : F ∈ F} belongs to J_X , where F denotes the closure of F in the underlying Kent convergence space of the product space (X, J_X ) × (X, J_X ) (note that SUConv is a topological construct!). The underlying symmetric Kent convergence space (X, q_{γJX} ) of a regular semiuniform convergence space (X, J_X ) is regular, i.e. for each (F, x) ∈ q_{γJX} , (F, x) ∈ q_{γJX} where F is generated by {F : F ∈ F} and F = cl_{qγJX} F ; furthermore, a symmetric topological space (X, X ) is regular in the usual sense iff it is regular as a semiuniform convergence space. Using [5; 3.7.13. and 4.12.6.] one obtains the following

Theorem. Let (X, J_X ) be a principal uniform limit space (resp. a topological semiuniform convergence space). Then each uniformly continuous map f : (A, J_A) −→ (Y, J_Y ) from a dense subspace (A, J_A) of (X, J_X ) to a complete, regular and separated semiuniform convergence space (Y, J_Y ) has a unique uniformly continuous extension f : (X, J_X ) −→ (Y, J_Y ). (Note: A semiuniform convergence space (X, J_X ) is called complete provided that for each F ∈ γ_{JX} there is some x ∈ X such that (F, x) ∈ q_{γJX} ; and it is called separated (or a T_2–space) provided that for each F ∈ F (X) there is at most one x ∈ X such that (F, x) ∈ q_{γJX} .) By the way, a semiuniform convergence space (X, J_X ) is called a T_1–space provided that for each pair (x, y) ∈ X × X, (ẋ, y) ∈ q_{γJX} implies x = y. Obviously, every regular T_1–space (= T_3–space) is a T_2–space (cf. [5; 3.7.12.]).

Concerning nearness spaces and generalizations the reader is referred to [13], where in the following we say merotopic space instead of seminearness space; in particular, Mer, Near, Fil, Top, Top_S and Unif stand for the constructs of merotopic spaces, nearness spaces, filter spaces, topological spaces, R_0–spaces and uniform spaces respectively.

2. Complete regularity

2.1 Definitions. 1) A filter space (X, γ) is called completely regular provided that for each F ∈ γ the subfilter G = {G ⊂ X : F is completely within G for some F ∈ F} belongs to γ; here F is completely within G provided that there is a Cauchy

∗)A subset G of a filter F on a set X is called a subfilter provided that it is a filter.

continuous map f : (X, γ) −→ ([0, 1], γ_t) such that f[F ] ⊂ {0} and f[X\G] ⊂ {1}, where γ_t denotes the set of all convergent filters on the closed unit interval [0, 1] endowed with the usual topology.

2) A semiuniform convergence space (X, J_X ) is called completely regular provided that it is regular and its underlying filter space (X, γ_{JX} ) is completely regular.

2.2 Remarks. 1) Each filter space (X, γ) has a corresponding (filter–)merotopic space (X, μ_γ ), where μ_γ = {A ⊂ P(X): for each F ∈ γ there is some A ∈ A with A ∈ F} (cf. [17; 2.4.]), i.e. there is an alternative description of filter spaces in the realm of merotopic spaces.

2) A filter space (X, γ) is completely regular iff (X, μ_γ ) is a completely regular nearness space (cf. [2] and [3]).

3) According to [3] (resp. [2]) a filter space is completely regular iff it is a subspace (in Fil) of some completely regular topological space (regarded as a filter space) [note that there is no difference in forming subspaces of symmetric topological spaces in Mer, Fil or Near respectively]. Consequently, each completely regular filter space is subtopological; furthermore, it is a Cauchy space [note that every competely regular topological space is weakly Hausdorff (cf. [5; 3.7.12]) and that is is a Cauchy space (cf. [14; 2.13]); furthermore Chy is bireflective in Fil (cf. [14; 3.1])].

2.3 Proposition. The underlying Kent convergence space of a completely regular semiuniform convergence space is a completely regular topological space (in the usual sense).

Proof. Let (X, J_X ) be a completely regular semiuniform convergence space. Then (X, γ_{JX} ) is a completely regular filter space, i.e. there is a completely regular topological space (Y, Y) such that (X, γ_{JX} ) is a subspace (in Fil) of (Y, γ_{qY} ), where γ_{qY} consists of all convergent filters in (Y, Y). Since initial structures in Fil induce initial structures in KConv_S, (X, q_{γJX} ) is a subspace (in KConv_S) of (Y, q_Y ) [(F, y) ∈ q_Y iff F converges to y in (Y, Y)]. Since (Y, q_Y ) is a completely regular topological space and Top_S is closed under formation of subspaces in KConv_S, (X, q_{γJX} ) is a completely regular topological space.

2.4 Corollary. A symmetric Kent convergence space (X, q) is completely regular (as a semiuniform convergence space) iff it is a competely regular topological space.

Proof. “=⇒”. If (X, J_{γq} ) is completely regular, then, by 2.3., (X, q_{γJγq} ) = (X, q) is a completely regular topological space.

“⇐=”. If (X, q) is a competely regular topological space, then (X, J_{γq} ) is a regular semiuniform convergence space (cf. [15; 5.6.a)]). Furthermore, (X, γ_{Jγq} ) = (X, γ_q) is completely regular by 2.2.3).

2.5 Proposition. Every uniform space is completely regular.

Proof. By [15; 5.9.], every uniform space is regular. Furthermore, if (X, V) is a uniform space and (X^∗, V^∗) a complete uniform space containing (X, V) as a dense subspace (cf. e.g. [19; 3.4., Satz 1]), then the underlying filter space (= Cauchy space) (X, γ_V ) of (X, V) is a subspace in Fil of the underlying filter space (= Cauchy space) (X^∗, γ_V ∗ ) of (X^∗, V^∗). Since (X^∗, V^∗) is complete, (X^∗, γ_V ∗ ) is the corresponding filter space of the underlying completely regular topological space of (X^∗, V^∗). Thus, (X, γ_V ) is a completely regular filter space (cf. 2.2.3)). Therefore, everything is proved.

2.6 Proposition. Every completely regular filter space is regular (as a semiuniform convergence space).

Proof. Let (X, γ) be a completely regular filter space. Since (X, γ) is a subspace (in Fil) of a completely regular topological space, which (considered to be a semiuniform convergence space) is a regular semiuniform convergence space, (X, γ) (regarded as a semiuniform convergence space) is also regular because the regular semiuniform convergence spaces form a bireflective subconstruct of SUConv and subspaces in Fil are formed as in SUConv.

2.7 Remark. The two preceding propositions demonstrate that for important examples of semiuniform convergence spaces whose underlying filter spaces are completely regular the regularity is automatically fulfilled. But this is not always the case as the following example shows: LetX be the set RI of real numbers and X the usual topology on RI . Define A ⊂ Δ_X by (x, x) ∈ A iff 0 < x < 1 and let U_X (x) be the neighborhood filter of x ∈ X with respect to X .

Put J_X = {F ∈ F ( RI^2) : F ⊃ ({A})} ∪ {F ∈ F ( RI^2) : F ⊃ U_X (x) × U_X (x) for some x ∈ RI }. Then (X, J_X ) is a semiuniform convergence space such that the underlying filter space (X, γ_{JX} ) is completely regular (obviously, γ_{JX} = {F ∈ F ( RI ) : F converges in (X, X )}), but (X, J_X ) is not regular since ({A}) belongs to J_X whereas the subfilter ({A}) = ({A}) does not belong to J_X .

2.8 Proposition. The construct CReg of completely regular semiuniform convergence spaces (and uniformly continuous maps) is a bireflective subconstruct of SU- Conv and thus a topological construct.

Proof. Let (f_i : (X, J_X ) −→ (X_i, J_{Xi} ))_{i∈I} be an initial source in SUConv such that all (X_i, J_{Xi} ) are completely regular. Then (X, J_X ) is completely regular:

1) By [15; 5.3], (X, J_X ) is regular.

2) By [15; 3.10], γ_{JX} is the initial Fil–structure w.r.t. (f_i), and by [3; 3.2], (X, γ_{JX} ) is a completely regular filter space.

2.9 Remark. By 2.8., every subspace (in SUConv) of a completely regular topological space (regarded as a semiuniform convergence space) is competely regular. It follows from 2.5. that the inverse is not true, namely the uniform space RI_u of real numbers is completely regular but it is not a subspace (in SUConv) of a competely regular topological space [otherwise it would be Fil–determined and thus it might be considered to be the topological space RI_t of real numbers, which is impossible since the uniform structure of RI_u is not indiscrete (cf. [15; 5.10.])].

3. Normality

3.1 Definitions. 1) A merotopic space (= seminearness space) (X, μ) is called a) regular provided that the following is satisfied:

(R) For each U ∈ μ, there is some (refinement) V ∈ μ such that for each V ∈ V, there exists some U ∈ U with {X\V, U} ∈ μ, b) normal provided that (X, μ) and (X, μ_c) are regular where μ_c = {U ∈ μ: there is some finite V ∈ μ with V ≺ U} 2) Let (X, γ) be a filter space and (X, μ_γ ) its corresponding (filter–)merotopic space. Then (X, γ) is called merotopically normal (shortly: m–normal) provided that (X, μ_γ ) is normal.

3) A semiuniform convergence space (X, J_X ) is called normal provided that it is regular and the underlying filter space (X, γ_{JX} ) is m–normal.

3.2 Remark. Every regular merotopic space is a nearness space (cf. e.g. [13; 6.2.7. ◯1 ]).

3.3 Proposition. Every normal semiuniform convergence space is completely regular.

Proof. Let (X, J_X ) be a normal semiuniform convergence space. Then (X, J_X ) is regular. Furthermore, (X, μ_{γJX} ) is a nearness space which is normal and thus completely regular (cf. [2]). Consequently, by 2.2.2), (X, γ_{JX} ) is completely regular.

3.4 Proposition. Let X be a filter space. Then the following are equivalent:

(1) X is normal (as a semiuniform convergence space) (2) X is m–normal.

Proof. (1) =⇒ (2). This follows immediately from the definitions. (2) =⇒ (1). Since X coincides with its underlying filter space whenever X is considered to be a semiuniform convergence space, it suffices to prove that X is regular. Since X is normal as a merotopic space, it is also a completely regular nearness space. Consequently, by 2.2.2), the filter space X is completely regular. Thus, by 2.6., X is regular as a semiuniform convergence space.

3.5 Proposition. A symmetric Kent convergence space is normal (as a semiuniform convergence space) iff it is a normal topological space in the usual sense.

Proof. 1) Let (X, X ) be a symmetric topological space, (X, γ_{qX} ) its corresponding filter space (i.e. γ_{qX} is the set of all convergent filters in (X , X )) and (X, μ_X ) its corresponding nearness space, i.e. μ_X = {U ⊂ P(X): there is some open cover O of (X, X ) with O ≺ U}. Then μ_{γqX} = μ_X :

a) Let U ∈ μ_{γqX} . Thus, each convergent filter in (X, X ) contains some U ∈ U. Hence, {U^0 : U ∈ U} ≺ U and is an open cover of X; namely if x ∈ X, the neighborhood filter U_X (x) of x in (X, X ) converges to x and thus there is some U ∈ U such that U ∈ U_X (x), i.e. x ∈ U^0 ⊂ U. Therefore, U ∈ μ_X .

b) Let U ∈ μ_X , i.e. there is an open cover O of (X, X ) with O ≺ U. If F is a filter on X such that there is some x ∈ X with F ⊃ U_X (x), then there are some O ∈ O and some U ∈ U such that x ∈ O ⊂ U. Thus, U ∈ U_X (x) ⊂ F. Consequently, U ∈ μ_{γqX} . 2) a) Let (X, q) be a symmetric Kent convergence space such that (X, J_{γq} ) is normal. Then (X, J_{γq} ) is completely regular and by 2.3., (X, q) is a (completely regular) topological space, i.e. q = q_{Xq} . By assumption, (X, γ_{Jγq} ) = (X, γ_q) is m–normal, i.e. (X, μ_{Xq} ) is normal (cf. 1)). By [13; 7.22.], (X, X_q) (resp. (X, q)) is a normal topological space in the usual sense.

b) Let (X, q) be a normal symmetric topological space in the usual sense, i.e. X_q is a normal symmetric topology on X. In order to prove that (X, J_{γq} ) is normal it suffices to show that (X, μ_{γq} ) is normal since (X, γ_q) is a filter space and 3.4. is valid. By 1), (X, μ_{γq} ) = (X, μ_{Xq} ). Since (X, X_q) is a normal symmetric topological space, it is regular and by [8; 4.3.5], (X, μ_{Xq} ) is regular. Furthermore, (X, (μ_{Xq} )_c) is regular by [13; 7.2.2.]. Thus, (X, μ_{Xq} ) is normal and the proof is finished.

3.6 Remarks. 1) The underlying Kent convergence space of a normal semiuniform convergence space need not be normal as the following example shows (whereas it is always a completely regular topological space by 3.3. and 2.3.): Let (X, X ) be a completely regular Hausdroff space, which is not normal (e.g. the Niemytzki plane), and (X, μ_F ) the corresponding fine uniform space described by means of uniform covers, i.e. μ_F is the set of all covers of X which are refined by some normally open cover of (X, X ). Further, consider (X, (μ_F )_c) and let W_{(μF )c} denote the Weil uniformity corresponding to (μ_F )_c. Then (X, W_{(μF )c} ) is a totally bounded uniform space which is separated since its underlying topological space is the Hausdorff space (X, X ). Consequently, (X, [W_{(μF )c} ]) is a normal semiuniform convergence space (cf. 4.11. and 4.2.), whose underlying Kent convergence space (X, q_X ) is not normal.

2) A uniform space need not be normal, namely in the following an example of a complete separated uniform space is given which is not normal: Let RI_u be the normal uniform space of real numbers and RI^{RI}_u the uniform product space. Let V be the uniformity of RI^{RI}_u and put J_{RI} RI = [V], i.e. ( RI^{RI} , J_{RI} RI ) is the principal uniform limit space corresponding to RI^{RI}_u . Then the set γ_{J RI RI} of its Cauchy filters is given by

(∗) γ_{J RI RI} = {F ∈ F ( RI^{RI} ) : F converges in RI^{RI}_t },

where RI_t denotes the normal topological space of real numbers and the topological product space RI^{RI}_t is the underlying Kent convergence space of ( RI^{RI} , J_{RI} RI ). Further, (∗∗) μ_{γJ RI RI} = μ_{XV} , where X_V denotes the topology induced by V, i.e. the topology of RI^{RI}_t (cf. part 1) of the proof of 3.5.). Since RI^{RI}_t is not normal in the usual topological sense (cf. [22; 21 C.5.], ( RI^{RI} , μ_{XV} ) cannot be normal (cf. [13; 7.2.2.]). By (∗∗), this implies that the complete separated uniform space RI^{RI}_u is not normal as a semiuniform convergence space.

3.7 Proposition. Every subspace (in SUConv) of a normal semiuniform convergence space is normal.

Proof. Let (X, J_X ) be a normal semiuniform convergence space and U ⊂ X. If J_u denotes the initial SUConv–structure on U w.r.t. the inclusion map i : U −→ X, then (U, J_u) is regular (cf. [15; 5.3.]). By [15; 3.10], (U, γ_{Ju} ) is a subspace (in Fil) of (X, γ_{JX} ). Since subspaces in Fil–Mer (∼= Fil) are formed as in Mer, (U_{μγJu} ) is a subspace of (X, μ_{γJX} ). Then (U, μ_{γJu} ) is a normal nearness space because (X, μ_{γJX} ) is a normal nearness space (cf. [13; 6.2.7. ◯5 and 7.2.10. ◯1 ]).

3.8 Remarks. 1) As is well–known subspaces in Top (resp. Top_S) of normal symmetric topological spaces need not be normal in general. But if subspaces are formed in SUConv one obtains from 3.7. the following result: Subspaces of normal symmetric topological spaces are normal.

2) The class of all normal semiuniform convergence spaces does not coincide with the class of all subspaces (in SUConv) of normal symmetric topological spaces as the following example shows: Modify the example under 2.7. by defining A ⊂ Δ_X as follows: (x, x) ∈ A iff 0 ≤ x ≤ 1. Then (X, J_X ) is a normal semiuniform convergence space which is not a subspace of a normal topological semiuniform convergence space since it is not Fil–determined.

3) Since products of symmetric topological spaces are formed in Top_S as in SUConv and in Top_S normality is not finitely productive, it follows from 3.5. that in SUConv normality is not finitely productive.

3.9 Definition. Let (X, γ) be a filter space. Then A ⊂ P(X) is called near provided that there is some F ∈ γ such that for each A ∈ A, X\A ∉ F.

3.10 Theorem (Urysohn’s Lemma). Let (X, γ) be a normal filter space. Whenever {A, B} ⊂ P(X) is not near, there is a Cauchy continuous map f : (X, γ) −→ ([0, 1], γ_t) such that f[A] ⊂ {0} and f[B] ⊂ {1} where γ_t denotes the set of all convergent filters w.r.t. the usual topology on the closed unit interval [0, 1].

Proof. Cf. [13; 7.2.6] (resp. [18]) and note:

1. {A, B} ⊂ P(X) is not near in (X, γ) iff {A, B} is not near in (X, μ_γ ), i.e. {X\A, X\B} ∈ μ_γ . 2. f : (X, γ) −→ ([0, 1], γ_t) is Cauchy continuous iff f : (X, μ_γ ) −→ ([0, 1], μ_{γt} ) is uniformly continuous (μ_{γt} coincides with the fine uniform structure on [0, 1]).

3.11 Theorem (Tietze, Urysohn). Let (X, γ) be a normal filter space, and (A, γ_A) a subspace (in Fil) of (X, γ). Then every Cauchy continuous map f : (A, γ_A) −→ ([0, 1], γ_t) has a Cauchy continuous extension F : (X, γ) −→ ([0, 1], γ_t).

Proof. Cf. [13; 7.2.13] (resp. [18]) and note that subspaces of filter spaces are formed in Fil (∼= Fil–Mer) as in Mer.

3.12 Remark. For normal R_0–spaces, the classical version of Urysohn’s Lemma follows from 3.10 (note: A = A, B = B and A ∩ B = Ø imply {A, B} is not near) and that one of Tietze’s extension theorem is an immediate consequence of 3.11 (note: every closed subspace of an R_0–space is a subspace in Fil).

4. Full normality and paracompactness

4.1 Definitions. 1) A merotopic space (X, μ) is called uniform provided that each A ∈ μ is star–refined by some B ∈ μ.

2) A filter space (X, γ) is called merotopically uniform (shortly: m–uniform) provided that (X, μ_γ ) is uniform.

3) A semiuniform convergence space (X, J_X ) is called fully normal provided that it is regular and its underlying filter space (X, γ_{JX} ) is m–uniform.

4) A semiuniform convergence space (X, J_X ) is called paracompact provided that it is T_1 and fully normal.

4.2 Proposition. Every fully normal semiuniform convergence space is normal.

Proof. Let (X, J_X ) ∈ | SUConv | be fully normal. It suffices to prove that (X, γ_{JX} ) is m–normal. But this is obvious, since every uniform space (as a merotopic space) is normal (cf. e.g. [13; 6.2.7. ◯2 a) and 3.1.3.8. ◯3 ]).

4.3 Corollary. Every paracompact semiuniform convergence space is T_4, i.e. normal and T_1.

4.4 Proposition. A filter space is fully normal (as a semiuniform convergence space) iff it is m–uniform.

Proof. “=⇒”. If (X, γ) ∈ |Fil| such that (X, J_γ ) is fully normal, then (X, γ_{Jγ} ) = (X, γ) is m–uniform.

“⇐=”. If (X, γ) ∈ |Fil| is m–uniform, then (X, μ_γ ) is uniform and thus it is normal. By 3.4., (X, J_γ ) is normal and consequently it is regular. Furthermore, (X, γ_{Jγ} ) = (X, γ) is m–uniform by assumption.

4.5 Proposition. A symmetric Kent convergence space is fully normal (as a semiuniform convergence space) iff it is a fully normal topological space in the usual sense.

Proof. “=⇒”. Let (X, q) be a symmetric Kent convergence space such that (X, J_{γq} ) is fully normal. Then (X, J_{γq} ) is completely regular and by 2.3., (X, q) is a (completely regular) topological space, i.e. q = q_{Xq} . By assumption, (X, γ_{Jγq} ) = (X, γ_q) is m–uniform, i.e. (X, μ_{Xq} ) is uniform (cf. part 1) of the proof of 3.5.). By [13; 3.1.2.7.], (X, X_q) (resp. (X, q))) is fully normal.

“⇐=”. Let (X, q) be a fully normal R_0–space in the usual sense, i.e. X_q is a fully normal symmetric topology on X. In order to prove that (X, J_{γq} ) is fully normal it suffices to show that (X, μ_{γq} ) is uniform since (X, γ_q) is a filter space and 4.4. is valid. We know already that (X, μ_{γq} ) = (X, μ_{Xq} ). Since (X, X_q) is a fully normal R_0–space, (X, μ_{Xq} ) is uniform.

4.6 Corollary. A symmetric topological space is paracompact (as a semiuniform convergence space) iff it is paracompact in the usual sense.

4.7 Definition. A filter space (X, γ) is called topological provided that it is weakly subtopological (i.e. (X, q_γ ) is topological) and complete.

4.8 Remark. The construct TopFil of topological filter spaces (and Cauchy continuous maps) is (concretely) isomorphic to Top_S.

4.9 Proposition. A symmetric topological space is fully normal iff it is topological and m–uniform (as a filter space).

Proof. “=⇒”. Let (X, X ) be a fully normal R_0–space and (X, γ_{qX} ) the corresponding filter space. Obviously, (X, γ_{qX} ) is complete; and since q_{γqX} = q_X , (X, γ_{qX} ) is subtopological, i.e. (X, γ_{qX} ) is topological. Furthermore, (X, μ_{γqX} ) = (X, μ_X ) is uniform, since (X, X ) is fully normal. Thus, (X, γ_{qX} ) is m–uniform.

“⇐=”. Let (X, X ) be an R_0–space such that (X, γ_{qX} ) is (topological and) m–uniform. By 4.4., (X, J_{γqX} ) is fully normal, and by 4.5., (X, q_X ) (resp. (X, X )) is fully normal.

4.10 Corollary. A topological T_1–space is paracompact iff it is topological and m– uniform (as a filter space).

4.11 Proposition. Every proximity space (= totally bounded uniform space) is fully normal.

Proof. Let (X, J_X ) be a proximity space, i.e. J_X = [V] where V is a totally bounded uniformity on X. Since (X, J_X ) is uniform, it is regular (cf. [15; 5.9.]). It remains to show that (X, γ_{JX} ) is m–uniform. Let (X, μ_V ) be the merotopic space corresponding to V, i.e. μ_V = {A ⊂ P(X): there is some V ∈ V with A_V ≺ A}, where A_V = {V (x) : x ∈ X}. If γ_{μV} denotes the set of all Cauchy filters in (X, μ_V ) (resp. (X, V)), then (1) γ_{μV} = γ_{JX} .

Since (X, μ_V ) is a contigual (= totally bounded = precompact) merotopic space, it is filtermerotopic (cf. [10; 2.10]) and thus μ_{γμV} = μ_V (cf. part c) in the proof of [17; 2.4]). Consequently, by (1), one obtains: (2) μ_{γJX} = μ_V .

Since (X, μ_V ) is uniform, it follows from (2) that (X, γ_{JX} ) is m–uniform.

4.12 Corollary. Every separated proximity space is paracompact.

4.13 Proposition. A complete uniform space is fully normal (as a semiuniform convergence space) iff its underlying topological space is fully normal.

Proof. “⇐=”: Let (X, V) be a complete uniform space such that its underlying topological space (X, X_V ) is fully normal. Put J_X = [V]. Since (X, V) is complete, μ_{γJX} = μ_{γqXV} and since (X, X_V ) is fully normal, μ_{γJX} = μ_{γqXV} = μ_{XV} is a uniform structure in the sense of Tukey. Furthermore, (X, J_X ) is regular. Thus, (X, J_X ) is fully normal.

“=⇒”. Let (X, V) be a complete uniform space such that (X, [V]) is fully normal.

Put J_X = [V]. By assumption, (X, μ_{γJX} ) is uniform. Since μ_{γJX} = μ_{XV} , (X, X_V ) is fully normal.

4.14 Remarks. 1) By 4.13., the uniform space RI_u of real numbers is paracompact as a semiuniform convergence space. Furthermore, the topological space RI_t of real numbers is paracompact as a semiuniform convergence space (cf. 4.6.).

2) A complete uniform space need not have an underlying topological space which is fully normal as the example under 3.6.2) shows.

3) The underlying Kent convergence space of a fully normal semiuniform convergence space need not be fully normal; namely, there is a separated proximitiy space whose underlying topological space is not paracompact: Consider a completely regular Hausdorff space which is not paracompact (c.g. the ordinal space Ω_0 of all ordinals less than the first uncountable ordinal ω_1). Continuing as under 3.6. 1) leads to the desired example.

4.15 Proposition. Every subspace (in SUConv) of a fully normal (resp. paracompact) semiuniform convergence space is fully normal (resp. paracompact).

Proof. Let (X, J_X ) be a fully normal semiuniform convergence space, U ⊂ X and J_U the initial SUConv–structure w.r.t. the inclusion map i : U −→ X:

a) (U, J_U ) is regular since (X, J_X ) is regular (cf. [15; 5.3.]).

b) (U, γ_{JU} ) is a subspace (in Fil) of (X, γ_{JX} ). Since subspaces in Fil (∼= Fil–Mer) are formed as in Mer, (U, μ_{γJU} ) is a subspace (in Mer) of (X, μ_{γJX} ). Since the construct Unif of uniform spaces (and uniformly continuous maps) is bireflective in Mer, (U, μ_{γJU} ) is uniform, i.e. (U, γ_{JU} ) is m–uniform. It follows from a) and b) that (U, J_U ) is fully normal.

Since obviously subspaces of T_1–spaces are T_1–spaces, the above proposition is also valid for paracompactness.

4.16 Remarks. 1) As is well–known subspaces in Top (resp. Top_S) of paracompact topological spaces need not be paracompact. But if subspaces are formed in SUConv one obtains from 4.15. the following result: Subspaces of paracompact topological spaces are paracompact.

2) A paracompact semiuniform convergence space need not be a subspace (in SU- Conv) of a paracompact topological space; namely the example under 3.8.2) is a counterexample (indeed, (X, J_X ) is paracompact!). Together with 4.15. one obtains that the class of semiuniform convergence spaces which are subspaces of paracompact topological spaces is a proper subclass of the class of paracompact semiuniform convergence spaces.

3) Since paracompactness is not finitely productive in Top_S, it is also not finitely productive in SUConv (cf. the corresponding result for normality under 3.8.3)).

4) Full normality is related to the other higher separation axioms by means of the following implication scheme:

> ∧ uniform space proximity space =⇒ fully normal =⇒ normal =⇒ competely regular =⇒ regular

Adding the T_1–axiom one obtains from the above implication scheme the following one:

uniform space separated separated proximity space

=⇒ paracompact =⇒ T_4 =⇒ T_3 1_2 =⇒ T_3 =⇒ T_2 =⇒ T_1

> ∧

5. Dimension functions

5.1 Definitions. A) Let (X, μ) be a merotopic space.

1) The large dimension Dim (X, μ) of (X, μ) is said to be ≤ n provided that every uniform cover U of X has a refinement V ∈ μ of order ≤ n + 1 (i.e. each x ∈ X is contained in at most n + 1 elements of V). The precise number Dim (X, μ) is the smallest such n, or −1 for the special case that X is empty; and we write Dim (X, μ) = ∞ if there is no such n.

2) The small dimension dim (X, μ) of (X, μ) is defined to be the large dimension of (X, μ_c). Especially, dim (X, μ) ≤ n iff every finite uniform cover U of X has a (finite) refinement V ∈ μ of order ≤ n + 1.

B) Let (X, J_X ) be a semiuniform convergence space.

1) a) The large filter–dimension Dim_f (X, J_X ) of (X, J_X ) is defined to be

Dim (X, μ_{γJX} ).

b) The small filter–dimension dim_f (X, J_X ) of (X, J_X ) is defined to be dim (X, μ_{γJX} ).

2) a) The large uniform dimension Dim_u(X, J_X ) of (X, J_X ) is defined to be the large dimension of (X, μ_V ) where (X, [V]) denotes the underlying uniform space of (X, J_X ). b) The small uniform dimension dim_u(X, J_X ) of (X, J_X ) is defined to be the small dimension of (X, μ_V ) (cf. a)).

5.2 Remarks. 1) a) For symmetric topological spaces (X, X ), one writes dim (X, X ) instead of dim (X, μ_X ) (resp. Dim (X, X ) instead of Dim (X, μ_X )), where (X, μ_X ) denotes the merotopic space correponding to (X, X ). Then dim (X, X ) coincides with the (Lebesgue) covering dimension of (X, X ) (cf. [12; definition I.4]) b) For paracompact topological spaces (X, X ), dim (X, X ) = Dim (X, X ) (cf. [11; 9–14]).

2) a) Let (X, V) be a uniform space. Then dim (X, μ_V ) = dim_u(X, [V]) coincides with Isbell’s uniform dimension δd (X, μ_V ) and Dim (X, μ_V ) = Dim_u(X, [V]) is identical with Isbell’s large dimension Δd (X, μ_V ) (cf. [9]).

b) dim_u(X, [V]) = Dim_u(X, [V]) provided that Dim_u(X, [V]) < ∞ (cf. [9]).

5.3 Proposition. 1) If (X, X ) is a symmetric topological space, then dim_f (X, J_{γqX} ) = dim (X, X ) and Dim_f (X, J_{γqX} ) = Dim (X, X ).

2) If (X, X ) is a paracompact topological space, then additionally, dim_u(X, J_{γqX} ) = dim_f (X, J_{γqX} ) = Dim_u(X, J_{γqX} ) = Dim_f (X, J_{γqX} ).

Proof. 1) (X, γ_{qX} ) is the underlying filter space of (X, J_{γqX} ), where γ_{qX} consists of all convergent filters on (X, X ). Hence, (X, μ_{γqX} ) = (X, μ_X ) which implies the desired equalities.

2) Since (X, X ) is paracompact, there is a finest uniformity V on X which induces X and it is easily checked that (X, [V]) is the underlying uniform space of (X, J_{γqX} ). Then μ_V = μ_X . This implies (together with 1)) that dim_u(X, J_{γqX} ) = dim (X, μ_V ) = dim (X, μ_X ) = dim_f (X, J_{γqX} ) = dim (X, X ) and Dim_u(X, J_{γqX} ) = Dim (X, μ_V ) = Dim (X, μ_X ) = Dim_f (X, J_{γqX} ) = Dim (X, X ). Consequently, the desired result follows from 5.2.1) b).

5.4 Remark. For normal symmetric topological spaces (X, X ), Dim_f (X, J_{γqX} ) may differ from dim_f (X, J_{γqX} ), e.g. if (X, X ) = Ω_0, then dim Ω_0 = 0 and Dim Ω_0 = ∞ (cf. [8; 5.4.8]).

5.5 Proposition. Let (X, V) be a proximity space (= totally bounded uniform space). Then dim_u(X, [V]) = dim_f (X, [V]) = dim (X, μ_V ) = Dim (X, [V]) = = Dim_f (X, [V]) = Dim (X, μ_V ).

Proof. Since μ_{γ[V]} = μ_V (cf. (2) in the proof of 4.11), dim_u(X, [V]) = dim (X, μ_V ) = dim (X, μ_{γ[V]} ) = dim_f (X, [V]) and Dim_u(X, [V]) = Dim (X, μ_V ) = Dim_f (X, [V]). Furthermore, Dim (X, μ_V ) = dim (X, μ_V ) because (μ_V )_c = μ_V .

5.6 Remark. For a given proximity space the common value of all dimension functions considered above is known to be Smirnov’s δ–dimension of it (cf. [20]).

5.7 Proposition. If (X, V) is a complete uniform space, then dim_f (X, [V]) = dim (X, X_V ) and Dim_f (X, [V]) = Dim (X, X_V ), where (X, X_V ) denotes the underlying topological space of (X, V).

Proof. Since by assumption μ_{γ[V]} = μ_{XV} , the desired result is obvious.

5.8 Corollary. Dim_u RI^n_t = Dim_f RI^n_t = Dim RI^n_t = Dim_f RI^n_u = Dim_u RI^n_u = dim RI^n_t = dim_f RI^n_t = dim_u RI^n_t = dim_f RI^n_u = dim_u RI^n_u = n.

Proof. Since RI^n_t is a paracompact topological space, it follows from 5.3. that dim_u RI^n_t = dim_f RI^n_t = dim RI^n_t = Dim_u RI^n_t = Dim_f RI^n_t = Dim RI^n_t , where dim RI^n_t = n (cf. e.g. [4; 7.3.19]). Since RI^n_u is a complete uniform space, it follows from 5.7. that dim_f RI^n_u = dim RI^n_t and Dim_f RI^n_u = Dim RI^n_t . Furthermore, dim_u RI^n_u = Dim_u RI^n_u = n (cf. [9; V.12]). Thus, the corollary is proved.

5.9 Proposition. If (X, J_X ) is a semiuniform convergence space, then the following are valid:

a) dim_f (X, J_X ) ≤ Dim_f (X, J_X ), b) dim_u(X, J_X ) ≤ Dim_u(X, J_X ).

Proof. a) and b) follow immediately from dim (X, μ) ≤ Dim (X, μ) for each merotopic space (X, μ) (cf. [8; 5.4.7]).

5.10 Proposition. 1) Let (X, J_X ) be a semiuniform convergence space and (A, J_A) a subspace (in SUConv) of (X, J_X ). Then the following are satisfied: a) Dim_f (A, J_A) ≤ Dim_f (X, J_X ), b) dim_f (A, J_A) ≤ dim_f (X, J_X ).

2) Let (X, J_X ) be a principal uniform limit space (= uniform space) and (A, J_A) a subspace (in SUConv) of (X, J_X ). Then the following are satisfied: a) Dim_u(A, J_A) ≤ Dim_u(X, J_X ), b) dim_u(A, J_A) ≤ dim_u(X, J_X ).

Proof. 1) and 2) follow immediately from the fact that for each merotopic space (X, μ) and each subspace (A, μ_A) (in Mer) of (X, μ) the following are valid: a) Dim (A, μ_A) ≤ Dim (X, μ), b) dim (A, μ_A) ≤ dim (X, μ) (cf. [8; 5.4.10]).

5.11 Corollary. Let X be a symmetric topological space and A a closed subspace in Top (resp. Top_S). Then dim A ≤ dim X and Dim A ≤ Dim X.

Proof. Since closed subspaces in Top_S are formed as in SUConv the desired result follows from 5.10.1) and 5.3.1).

5.12 Proposition. 1) Let (X, X ) be a regular topological space and (A, J_A) a dense subspace (in SUConv) of (X, J_{γqX} ). Then Dim_f (X, J_{γqX} ) = Dim_f (A, J_A) .

2) Let (X, J_X ) be a principal uniform limit space (= uniform space) and (A, J_A) a dense subspace (in SUConv). Then Dim_u(X, J_X ) = Dim_u(A, J_A).

Proof. 1) and 2) follow from the fact that for each regular merotopic space (X, μ) and each dense subspace (A, μ_A) of (X, μ), Dim (A, μ_A) = Dim (X, μ) (cf. [8; 5.4.11.]).

5.13 Theorem. 1) Let (X, γ) be a normal filter space. Then dim_f (X, J_γ ) ≤ n iff every Cauchy continuous map of any subspace (A, γ_A) (in Fil) of (X, γ) into the n– sphere S^n has a Cauchy continuous extension over (X, γ), where S^n is endowed with its usual topological Fil–structure consisting of all convergent filters w.r.t. the usual topology of S^n.

2) Let (X, J_X ) be a principal uniform limit space (= uniform space). Then dim_u(X, J_X ) ≤ n iff every uniformly continuous map of any subspace (A, J_A) (in SUConv) of (X, J_X ) into the n–sphere S^n has a uniformly continuous extension over (X, J_X ), where S^n is endowed with its usual uniform structure.

Proof. For every normal filter space (X, γ), (X, μ_γ ) is a normal nearness space, and for every uniform space (X, [V]), (X, μ_V ) is a normal nearness space. Thus, the above theorem follows from [13; 7.2.17.] note that the corresponding merotopic structure of the usual topological Fil–structure of S^n is the usual uniform structure).

5.14 Corollary. Let (X, X ) be a normal R_0–space. Then dim (X, X ) ≤ n iff every continuous map of any closed subspace (A, X_A) (in Top) of (X, X ) into the n–sphere S^n has a continuous extension over (X, X ).

5.15 Remark. For normal Fil–determined semiuniform convergence spaces (X, J_X ) of finite small filter dimension dim_f (X, J_X ) = dim (X, μ_{γJX} ), dim_f (X, J_X ) can be characterized cohomologically (cf. [13; 7.3.3.] and note that a pair of filter spaces is a pair (X, A), where X = (X, γ) is a filter space and A = (A, γ_A) is a subspace (in Fil) of X, and ˇH^n_f (X, A) is defined to be ˇH^n_f ((X, μ_γ ), (A, μ_{γA} )). Similarly, for uniform spaces (= principal uniform limit spaces) (X, [V]) of finite large uniform dimension Dim_u(X, [V]) = Dim (X, μ_V ), Dim_u(X, [V]) can be characterized cohomologically (cf. [13; 7.3.3.] and note that for pairs of uniform spaces ((X, V), (A, V_A)), ˇH^n_f ((X, V), (X, V_A)) is defined to be ˇH^n_f ((X, μ_V ), (A, μ_{VA} ))).

References

[1] Adámek, J., H. Herrlich and G.E. Strecker: 1990, Abstract and Concrete Categories, Wiley–Intersci. Publ., New York.

[2] Bentley, H.L., H. Herrlich and R. Ori: 1989, ‘Zero sets and complete regularity for nearness spaces’, Categorical Topology and its relations to Analysis, Algebra and Combinatorics, World Scient. Publ. Singapore, 446–461.

[3] Bentley, H.L. and E. Lowen–Colebunders: 1992, ‘The cartesian closed topological hull of the category of completely regular filter spaces’, Cahiers Topol. Géom. Diff. 23, 345–360.

[4] Engelking, R.: 1977, General Topology, Polish Scient. Publ., Warszawa. [5] Gähler, W.: 1977, Grundstrukturen der Analysis I, Birkhäuser, Basel. [6] Herrlich, H.: 1974, ‘Topological structures’, Math. Centre Tracts 52, Math. Centrum, Amsterdam, 59–122.

[7] Herrlich, H.: 1983, ‘Are there convenient subcategories of Top?’, Top. Appl. 15, 263–271.

[8] Herrlich, H.: 1988, Topologie II: Uniforme Räume, Heldermann, Berlin. [9] Isbell, J.R.: 1964, Uniform Spaces, Math. Surveys No. 12, Amer. Math. Soc., Providence.

[10] Katětov, M.: 1965, ‘On continuity structures and spaces of mappings’, Comm. Math.

Univ. Carolinae 6, 257–278.

[11] Nagami, K.: 1970, Dimension Theory, Academic Press, New York. [12] Nagata, J.: 1965, Modern Dimension Theory, Noordhoff and North Holland, Groningen and Amsterdam.

[13] Preuß, G.: 1988, Theory of Topological Structures, Reidel, Dordrecht. [14] Preuß, G.: 1991, ‘Improvement of Cauchy spaces’, Q & A in General Topology 9, 159–166.

[15] Preuß, G.: 1995, ‘Semiuniform convergence spaces’, Math. Japonica 41, 465–491. [16] Preuß, G.: 1998, ‘Convenient Topology’, Math. Japonica 47, 171–183. [17] Preuß, G.: 199?, ‘Some algebraically topological aspects in the realm of Convenient Topology’, Quaest. Math. (to appear).

[18] Pust, H.: 1977, Normalität und Dimension für Nearness–Räume, Thesis, Freie Universität Berlin.

[19] Schubert, H.: 1964, Topologie, Teubner, Stuttgart.

[20] Smirnov, Ju.M.: 1956 (1962), ‘On the dimension of proximity spaces’, Math. Sb. 38, 283–302 (= Amer. Math. Soc. Transl. Sr. 2, 21, 1–20).

[21] Weil, A.: 1937, ‘Sur les espaces à structures uniformes et sur la topologie générale, Hermann, Paris.

[22] Willard, S.: 1970, General Topology, Addison–Wesley, Reading.