MULTIGRID METHODS BASED ON THE UNCONSTRAINED PRODUCT SPACE ARISING FROM MORTAR FINITE ELEMENT DISCRETIZATIONS

BARBARA I. WOHLMUTH^∗ AND ROLF H. KRAUSE^†

Abstract. The mortar finite element method allows the coupling of different discretizations across subregion boundaries. In the original mortar approach, the Lagrange multiplier space enforcing a weak continuity condition at the interfaces is defined as a modified finite element trace space. Here, we present a new approach, where the Lagrange multiplier space is replaced by a dual space without loosing the optimality of the a priori bounds. Using the biorthogonality between the nodal basis functions of this Lagrange multiplier space and a finite element trace space, we derive an equivalent symmetric positive definite variational problem defined on the unconstrained product space. The introduction of this formulation is based on a local elimination process for the Lagrange multiplier. This equivalent approach is the starting point for the efficient iterative solution by a multigrid method. To obtain level independent convergence rates for the W–cycle, we have to define suitable level dependent bilinear forms.

Key words. mortar finite elements, Lagrange multiplier, dual space, non–matching triangulations, multigrid methods, level dependent bilinear forms

AMS subject classifications. 65N15, 65N30, 65N55

1. Introduction. The framework of mortar methods [Ben95, BMP93, BMP94] provides a powerful tool to analyze domain decomposition techniques based on the coupling of different discretization schemes or of nonmatching triangulations along interior interfaces. Flexible discretization schemes can be derived for time dependent problems, diffusion coefficients with jumps, problems with local anisotropies as well as corner singularities without loosing the optimality of the a priori bounds. The characteristic idea is to replace the pointwise continuity across the interfaces by a weaker one. Recently, a lot of work has been done on efficient iterative solvers for the arising linear systems [AK95, AKP95, AMW96, AMW99, BD98, BDH99, BDL99, BDW98, CW96, Dry98a, Dry98b, EHI^+97, EHI^+98, GP98, HIK^+98, Kuz95a, Kuz95b, Kuz98, KW95, Lac98, WW98, WW99]. All these techniques are either based on the positive definite variational problem on the constrained nonconforming space or on the equivalent saddle point problem [Ben95]. In the first case very often, the mortar projection has to be applied within each smoothing step and requires the solution of a mass–matrix system. In case that the saddle point problem forms the starting point for the construction of the solver, a Schur complement system plays an essential role. There are different approaches. One possibility is to use a good preconditioner for the exact Schur complement as introduced in [Kuz95a, Kuz95b]. Following an idea of Braess and Sarazin given for the Stokes problem [BS97], a modified Schur complement system has to be solved exactly within each smoothing step [BD98, BDW98, WW98]. More recently, this idea is generalized for the mortar setting in [WW99] using ideas introduced in [Zul98]. The exact solution of the modified Schur complement system is replaced by an iterative one resulting in an inner and outer iteration cycle. Here, we introduce a new equivalent mortar setting. We combine the idea of dual basis functions with standard multigrid techniques for symmetric positive definite systems.

∗Math. Institut, Universität Augsburg, Universitätsstr. 14, D–86159 Augsburg, Germany. Email: wohlmuth@math.uni-augsburg.de, http://wwwhoppe.math.uni-augsburg.de/~wohlmuth † Institut für Mathematik I, Freie Universität Berlin, Arnimallee 2, D–14195 Berlin, Germany Email: krause@math.fu-berlin.de, http://www.math.fu-berlin.de/~krause 1

2 B. I. WOHLMUTH AND R. H. KRAUSE

Replacing the modified trace space in the definition of the Lagrange multiplier by a locally defined dual one yields a priori estimates of the same order [Woh98]. As a consequence of the biorthogonality between the nodal basis functions of the trace space and the Lagrange multiplier space, the mass–matrix on the non–mortar side is reduced to a diagonal one. Based on these observations, we introduce a new mortar formulation associated with the unconstrained product space. Starting with the saddle point problem, the Lagrange multiplier can be locally eliminated, and we finally obtain a positive definite problem on the product space. Both, the algebraic and the variational, formulations are discussed and analyzed. The new setting is the starting point for the introduction of our multigrid method for mortar finite elements. In particular, we have not to solve exactly or iteratively a modified Schur complement system and not to solve a tridiagonal mass matrix system in each smoothing step.

The rest of this paper is organized as follows: In Section 2, we give the abstract mortar formulation as positive definite variational problem on the constrained space as well as the equivalent saddle point formulation. Here, we consider different choices of the Lagrange multiplier spaces providing optimal a priori error estimates. In particular, we focus on the introduction of a dual basis including an example for the quadratic case in 2D and the linear case in 3D. Section 3 is devoted to the introduction of the new equivalent mortar formulation based on the unconstrained product space. Here, we will proof equivalence and positive definiteness of the new formulation. In Section 4, we present our multigrid method based on standard techniques. To obtain a suitable approximation property, the natural restriction operator has to be replaced by a level dependent one. A special type of smoother including a standard Gauß–Seidel one will be considered. Level independent convergence rates are obtained for the W–cycle provided that the number of smoothing steps is large enough. Finally in Section 5, we present numerical results for the V– and W–cycle. The performance of the multigrid cycle is shown for several test examples including discontinuous coefficients and a corner singularity.

2. A modified mortar method using dual spaces. In this section, the nonconforming positive definite and the equivalent saddle point formulation of the mortar method are given. Suitable Lagrange multiplier spaces yielding optimal a priori estimates are presented. We focus on the construction of dual basis functions guaranteeing a local support of the nodal basis functions of the constrained space. Dual basis functions for mortar finite elements are first used in [Woh98], where only the first order case is considered. This special choice of Lagrange multiplier space gives rise to a diagonal mass–matrix associated with the non–mortar side. In addition to the dual basis introduced in [Woh98], we consider quadratic Lagrangian finite elements in 2D and the first order case in 3D. Optimal a priori estimates for the weak solution in both the L^2– and H^1–norm as well as for the Lagrange multiplier in the H^{1/2}_{00} –dual norm and a weighted L^2–norm are obtained. For the standard approach, we refer to [Ben95, BM95, BMP93, BMP94]. The introduction of the mesh dependent norm for the Lagrange multiplier can be found in [Woh97] and the a priori estimates in case of a dual basis in [Woh98].

Let us first give the problem setting. We consider the model problem

Lu := −div (a∇u) + b u = f in Ω , u = 0 on Γ := ∂Ω , (2.1)

where Ω is a bounded, polygonal domain in IR^2and f ∈ L^2(Ω). Let a ∈ L^∞(Ω) be an uniformly positive function and let 0 ≤ b ∈ L^∞(Ω). We assume the domain Ω has

Multigrid methods for the unconstrained product space 3

been decomposed into K non–overlapping polyhedral subdomains Ω_k by Ω = K⋃ k=1 Ω_k and Ω_l ∩ Ω_k = ∅, k ≠ l .

Each subdomain Ω_k is associated with a family of shape regular simplicial triangulations T_{hk} , h_k ≤ h_{k;0}, where h_k is the maximum of the diameters of the elements in T_{hk} . We use Lagrangian conforming finite elements S_p(Ω_k , T_{hk} ) of order p on the individual subdomains and enforce homogeneous Dirichlet boundary conditions on ∂Ω ∩ ∂Ω_k. We restrict ourselves to the geometrical conforming situation where the intersection between the boundary of any two different subdomains ∂Ω_l ∩ ∂Ω_k, k ≠ l, is either empty, a vertex, or a common edge. We only call it an interface in the latter case.

The mortar method is characterized by introducing Lagrange multiplier spaces given on the interfaces, which are used to ”glue” the different parts u|_{Ωk} of the weak solution u together. A suitable triangulation on the interfaces is necessary for the definition of a discrete Lagrange multiplier space. Each interface ∂Ω_l ∩ ∂Ω_k is associated with a one dimensional triangulation, inherited either from T_{hk} or from T_{hl} . In general, these triangulations do not coincide. The interfaces are denoted by γ_m, 1 ≤ m ≤ M. For each interface, there exists a couple 1 ≤ l < k ≤ K such that γ_m = ∂Ω_l ∩ ∂Ω_k. The one dimensional triangulation on γ_m is called Σ_m, and its elements are boundary edges of T_{hl} or T_{hk} . The choice is arbitrary but fixed. Then, the non–mortar side is the one from which the Lagrange multiplier space inherits its triangulation. The adjacent side is called mortar side. In principle, independent triangulations for the Lagrange multiplier can be introduced at the interfaces. Then, we have to impose suitable conditions on the meshsize or add adequate bubble functions to the finite element space to obtain a discrete inf–sup condition. For stabilization techniques in case of the three–field approach, we refer to [BFMR98, BM99].

It is well known that the unconstrained product space

X_h := K∏ k=1 S_1(Ω_k, T_{hk} )

equipped with the standard bilinear form is not suitable as a discretization of (2.1). Arbitrary jumps at the interfaces of the solution would be allowed. On the other hand, in general, it is not possible to construct a global continuous space with optimal approximation properties in case of non–matching meshes at the interfaces. To regain an approximation property of the discrete solution space, one has to impose suitable matching conditions at the interfaces. In [BMP93, BMP94], it has been shown that weak constraints across the interfaces are sufficient to guarantee approximation and consistency errors of order h if the weak solution u is smooth enough.

Two different ways of handling these constraints are common. The first one is to incorporate the constraints into the definition of the finite element space, resulting in a nonconforming formulation. The second equivalent approach is to represent the constraints by Lagrange multipliers and to consider a saddle point problem. A more detailed discussion of the advantages and disadvantages of these two approaches will be given in Section 3. Let us first consider the nonconforming formulation of the mortar method. For some suitable choice of the Lagrange multiplier space M_h, we define the constrained global finite element space V_h by V_h := {v ∈ X_h | b(v, μ) = 0, μ ∈ M_h} , (2.2)

4 B. I. WOHLMUTH AND R. H. KRAUSE

where the bilinear form b(·, ·) is given as a duality pairing on the interfaces b(v, μ) := M∑ m=1 ⟨[v], μ⟩_{γm} , v ∈ K∏ k=1 H^1(Ω_k), μ ∈ M∏ m=1 ( H^{12} (γ_m) )_′

and [v] is the jump of v on γ_m. Here, (H^{12} (γ_m))^′ denotes the dual space of H^{12} (γ_m) and ⟨·, ·⟩_{γm} is the duality pairing between these two spaces. Of crucial importance is the suitable choice of M_h in (2.2),

M_h :=^M ∏ m=1 M_h(γ_m)

M_h(γ_m) := span{ψ_ℓ | 1 ≤ ℓ ≤ ν_m := dim W_{0;h}(γ_m)} ,

where ψ_ℓ, 1 ≤ ℓ ≤ ν_m form a set of linear independent functions. Here, W_h(γ_m) is the finite element trace space on γ_m and W_{0;h}(γ_m) := W_h(γ_m) ∩ H^1_0 (γ_m). We note that also Lagrange multiplier spaces of smaller dimension can yield optimal results. Then if the basis functions of M_h(γ_m) are chosen appropriately, the nonconforming mortar solution is obtained by: Find u_h ∈ V_h such that

a(u_h, v) = (f, v)_0, v ∈ V_h . (2.3)

Here, the bilinear form a(·, ·) is defined by a(v, w) := ∑_K k=1 ∫ Ω_k a∇v ∇w +b v w dx for v, w ∈ ∏_K k=1 H^1(Ω_k ). Associated with a(·, ·) is the energy norm ||| · |||, |||v|||^2 := a(v, v).

If b ≡ 0, the bilinear form a(·, ·) is not elliptic on the product space. However, it is elliptic on Y × Y , where

Y := { v ∈ K∏ k=1 H^1(Ω_k) , ∫ γ_m [v] dσ = 0, 1 ≤ m ≤ M } ,

see [BM95]. Then, if the Lagrange multiplier space contains the constants on γ_m, V_h is a subspace of Y and thus the bilinear form a(·, ·) is uniformly elliptic on Y × Y . Introducing the Lagrange multiplier as an additional unknown, we obtain an equivalent saddle point problem [Ben95]. In this approach, the space M_h explicitly plays the role of the Lagrange multiplier space. The weak continuity is not enforced on the space but guaranteed by the second equation of the saddle point problem: Find (u_h, λ_h) ∈ X_h × M_h a(u, v) + b(v, λ) = (f, v)_0, v ∈ X_h , b(u, μ) = 0, μ ∈ M_h . (2.4)

In the rest of this section, we consider different Lagrange multiplier spaces for different discretizations yielding optimal results. In particular, we focus on dual basis spaces. Originally introduced for piecewise liner finite elements in 2D in [Woh98], this idea can be also realized for higher order finite elements or in 3D.

2.1. Lagrange multiplier spaces for the first order case in 2D. We consider four different Lagrange multiplier spaces for the piecewise linear case denoted by M^i_h, 1 ≤ i ≤ 4, defining the constrained finite element spaces V^i_h . The corresponding mortar finite element solution of (2.3) and (2.4) is denoted by u^i_h and (u^i_h, λ^i_h), respectively. The nodal basis functions of M^i_h(γ_m) are denoted by ψ^i_l , 1 ≤ l ≤ ν_m,

Multigrid methods for the unconstrained product space 5

where ν_m is the number of vertices x_l in the interior of γ_m. For simplicity, we suppress the index m in case of the basis functions and the vertices. The numeration of the vertices x_l is lexicographically, and the two endpoints of γ_m are denoted by x_0 and x_{νm +1}. Furthermore, the length h_l, 1 ≤ l ≤ ν_m + 1 is defined by h_l := ‖x_{l−1} − x_l‖.

The shape of the different nodal basis functions is given in Figure 2.1.

Fig. 2.1. Nodal basis functions for M^i_h, 1 ≤ i ≤ 4

We set M^1_h equal to the standard Lagrange multiplier space, see [BMP93, BMP94], and observe that the nodal basis functions are continuous and piecewise linear. The nodal basis functions in the interior of the interface are the standard hat functions, and only at the neighborhood of the two endpoints they are modified, see upper left part of Figure 2.1.

The second space M^2_h has been originally introduced in [Woh98] for the mortar setting and is spanned by piecewise linear but discontinuous functions. The main advantage of this type of basis function is its biorthogonality to the standard hat functions. Here, we review the definition of the nodal basis functions

ψ^2_l (x) := 1 h_l (2 ‖x − xl−1‖ − ‖x − xl‖), x ∈ [xl−1, xl], 1 h_{l+1} (2 ‖x − xl+1‖ − ‖x − xl‖), x ∈ [xl, xl+1], 0, elsewhere, 2 ≤ l ≤ ν_m − 1,

ψ^2_1 (x) :=

1, x ∈ [x_0, x_1), 1 h_2 (2 ‖x − x2‖ − ‖x − x1‖), x ∈ [x1, x2], 0, elsewhere,

and ψ^2_{νm} := 1 − ∑_{νm−1} l=1 ψ^2_l . The shape functions are given in the upper right part of Figure 2.1.

Finally, the spaces M^3_h and M^4_h are based on piecewise constant functions, where M^4_h is defined by dual basis functions as is M^2_h. Let us start with the definition of the nodal basis functions ψ^3_l for M^3_h (γ_m)

ψ^3_l (x) := { 1, x ∈ [^1_2 (x_{l−1} + x_l),^1_2 (x_l + x_{l+1})], 0, elsewhere, 2 ≤ l ≤ ν^m − 1 ,

and ψ^3_1 (x) and ψ^3_{νm} (x) are equal one on [x_0,^1_2 (x_1 + x_2)] and [^1_2 (x_{νm −1} + x_{νm} ), x_{νm +1}], respectively, and zero elsewhere, see bottom left picture in Figure 2.1. Obviously, the space M^3_h (γ_m) provides an order h approximation property in the L^2–norm.

6 B. I. WOHLMUTH AND R. H. KRAUSE

Our last example for piecewise linear finite elements in 2D is a dual basis. In contrast to M^2_h (γ_m), its basis functions are piecewise constant. We define for 2 ≤ l ≤ ν_m − 1

ψ^4_l (x) := 3 2 , x ∈ (_1 2 (x_{l−1} + x_l),^1_2 (x_l + x_{l+1}) ) , −^1_2 , x ∈ [x_{l−1},^1_2 (x_{l−1} + x_l)] ∪ [^1_2 (x_l + x_{l+1}), x_{l+1}], 0, elsewhere,

and ψ^4_1 (x) and ψ^4_{νm −1}(x) are equal one on [x_0, x_1] and [x_{νm} , x_{νm +1}] and on (x_1, x_2] and [x_{νm −1}, x_{νm} ) they have the same structure as the other basis functions in the interior of the interface, respectively. The shape functions are shown in the lower right part of Figure 2.1. Then for i = 2 and i = 4, it is easy to verify that ∫ γ_m ψ^i_l ϕ_k dσ = δ_{lk} ∫ γ_m ϕ_k dσ, 1 ≤ l, k ≤ ν_m

where ϕ_k, 1 ≤ k ≤ ν_m are the standard hat functions associated with the vertex x_k .

Optimal results are obtained for all these four Lagrange multiplier spaces in the L^2–norm, the energy norm ||| · ||| and a suitable norm ‖ · ‖_M for the Lagrange multiplier

|||u − u^i_h|||^2 + ‖λ − λ^i_h‖^2_M ≤ C K∑ k=1 h^2_k |u|^2_{; Ωk} (2.5)

‖u − u^i_h‖^2_0 ≤ Ch^2 K∑ k=1 h^2_k |u|^2_{; Ωk} . (2.6)

Here, we use standard Sobolev notations for the norms and seminorms and the constants 0 < c, C < ∞ are generic ones not depending on the meshsize. The flux of the weak solution u is called λ and the norm ‖ · ‖_M is either a H^{1/2}_{00} –dual norm or a mesh dependent L^2–norm

‖μ‖^2_M := M∑ m=1 ‖μ‖^2_{(H1/200 (γm))′} , or ‖μ‖^2_M := M∑ m=1 ∑ e∈Σ_m h_e‖μ‖^2_{0;e} .

In case of (u^i_h, λ^i_h) and i = 1 or i = 2, the a priori estimates (2.5) and (2.6) are well known [Ben95, BMP93, BMP94, Woh97, Woh98]. For the cases i = 3 and i = 4, they can be found in [Woh99a]. We refer to [Woh98, Woh99a] for a numerical comparison of the discretization errors. It is shown that for examples including interior subdomains, singularities or discontinuous coefficients not only the asymptotic rates are the same but also that the quantitative errors are quite close.

Let us consider the structure of V^i_h in more detail. In particular, the values of v ∈ V^i_h in the interior of the non–mortar side are given by its values on the mortar side and on the crosspoints. For i = 1 and i = 3, we find that the mass–matrix associated with the non–mortar sides is a tridiagonal matrix, whereas for i = 2 and i = 4, the mass–matrix is diagonal. The structure of the mass–matrix, or more precisely its inverse, determines the support of the basis functions of the constrained space V^i_h at the interfaces.

Figure 2.2 illustrates that the support of a basis function of V^1_h or V^3_h at the interface γ_m on the non–mortar side is a strip of length |γ_m| and width h . Only in

Multigrid methods for the unconstrained product space 7

Fig. 2.2. Support of a nodal basis function in V^1_h or V^3_h (left) and in V^2_h or V^4_h (right)

case of i = 2 or i = 4, the locality of the support of the nodal basis functions is preserved.

In the rest of this section, we consider two other discretizations. The first one is based on the first order case in 3D whereas the second one is based on quadratic Lagrangian finite elements in 2D. For both cases a biorthogonal basis is introduced, and it defines the Lagrange multiplier space.

2.2. Lagrange multiplier spaces for the first order case in 3D. As second case, we consider first order Lagrangian finite elements in 3D. Two different situations are discussed separately, see Figure 2.3. In the first one, the triangulation on the interface γ_m is a tensor product grid whereas in the second one, it is a simplicial triangulation. For simplicity, we assume that the interfaces are rectangles.

Fig. 2.3. Trace of a hexahedral (left) and simplicial (right) triangulation on the interface

As in the two dimensional case, the definition of the dual basis functions has to be modified in the neighborhood of the boundary ∂γ_m. We recall that W_h(γ_m) is the trace space of bilinear or linear finite elements on γ_m and ϕ_l is the nodal basis function associated with the vertex x_l. Then in a first step, we define a basis biorthogonal to the standard nodal basis of W_h(γ_m). In a second step, we reduce the number of dual basis functions by the number of vertices on the boundary of γ_m without loosing the biorthogonality and the approximation property of the dual space. We define ~ψ_l elementwise for T ∈ Σ_m such that supp ~ψ_l = supp ϕ_l and by

~ψ_{l|T} := (4ϕ_l − 2ϕ_{a1(l)} − 2ϕ_{a2(l)} + ϕ_{o(l)})_{|T} , T ∈ supp ϕ_l

in case of a hexahedral triangulation and by

~ψ_{l|T} := (3ϕ_l − ϕ_{a1(l)} − ϕ_{a2(l)})_{|T} , T ∈ supp ϕ_l

in case of a simplicial triangulation. The index numeration a1(l), a2(l) and o(l) is illustrated in Figure 2.4. The indices of the two adjacent vertices of x_l on ∂T are denoted by a1(l) and a2(l) and the index of the opposite one in case of a hexahedral triangulation by o(l).

The basis functions ψ_l are associated with the vertices x_l being not on the boundary of γ_m. Now, we set ψ_l := ~ψ_l in the interior of γ_m, e.g. if ∂(suppϕ_l) ∩ ∂γ_m = ∅. The corresponding vertices are marked by a filled circle in Figure 2.3. For all other

8 B. I. WOHLMUTH AND R. H. KRAUSE

Fig. 2.4. Index numeration in case of a rectangle (left) and a triangle (right)

vertices x_l ∈ γ_m, marked by an empty circle in Figure 2.3, we have to modify the definition. To do so, we introduce two sets M and M_l given by M_l := {x_j | x_j ∈ ∂γ_m ∩ ∂(suppϕ_l)} , M := {x_j | x_j ∈ ∂γ_m} \ ⋃ x_l∈γ_m M_l . We remark that M is always empty in case of a tensor grid. Only in case of simplicial triangulations, the set M can be non–empty. In the situation which is shown in the right part of Figure 2.3, it contains two elements associated with the upper left and the lower right vertex, marked with a filled square. Then, the modified dual basis functions are given by

ψ_l := ~ψ_l + ∑ x_j ∈M_l 1 n_j ~ψ_j + ∑ x_j ∈M α_{lj} ~ψ_j . (2.7)

Here, n_j is the number of sets M_k such that x_j ∈ M_k and α_{lj} = 1 if ∂(suppϕ_l) ∩ ∂(supp ϕ_j ) ≠ ∅ and zero else. We refer to [BM97] for the introduction of a standard Lagrange multiplier space, and to [BD98] for some more sophisticated choices for the weights in (2.7). In particular, it is possible to replace 1/n_j by a weight involving the areas of the adjacent elements. It is easy to see that ∑ x_l∈γ_m ψl = 1 and thus

P_0(γ_m) ⊂ M_h(γ_m). Furthermore, a straightforward computation shows that the following biorthogonality relation holds ∫ γ_m ψ_l ϕ_k dx = δ_{lk} ∫ γ_m ϕ_k dx, x_l, x_k ∈ γ_m .

As in the 2D case, the biorthogonality relation yields a diagonal mass–matrix interior of the non–mortar side, and the nodal basis functions of the constrained space have a local support. We remark that in the neighborhood of the boundary of γ_m, we have not suppψ_l = supp ϕ_l. We do not carry out the proof of optimal a priori bounds for the discretization errors and refer to [Woh99a] for more details.

2.3. Lagrange multiplier space for the second order case in 2D. The idea of using a biorthogonal basis with respect to the standard nodal finite element basis for the definition of the Lagrange multiplier space is not restricted to the first order case. Here, we will define a dual basis for piecewise quadratic Lagrangian finite elements. We replace in the definition of the unconstrained product space X_h the spaces S_1(Ω_k, T_{hk} ) by S_2(Ω_k, T_{hk} ), 1 ≤ k ≤ K, and set for the rest of this subsection

X_h := K∏ k=1 S_2(Ω_k, T_{hk} ) .

To obtain an order h^2 a priori estimate for the discretization error in the energy norm, it is necessary that the Lagrange multiplier space M_h(γ_m) contains the linear

Multigrid methods for the unconstrained product space 9

functions on the interface γ_m. The consistency error of the approach depends essentially on the approximation property of the Lagrange multiplier space. We refer to [SS98] in case of P_n–Lagrangian finite elements and conforming trace spaces for the Lagrange multiplier. For the approximation property, the H^{1/2}_{00} –stability of the mortar projection is relevant.

A possible choice for such a dual basis with local support is introduced in [Woh99a] and will be given in the following. The left part of Figure 2.5 shows the shape of the standard nodal basis functions of the trace space W_{0;h}(γ_m). A corresponding dual basis is depicted in the right part of Figure 2.5. Again, the nodal basis functions of the dual basis are defined locally and are discontinuous.

Fig. 2.5. Nodal conforming basis (left) and nodal dual basis functions (right)

The definition of the nodal dual basis functions depends on the index l, and we have to distinguish between the cases l even and l odd. Now, the dual basis functions are defined in terms of ϕ_l, 1 ≤ l ≤ ν_m which are the standard nodal basis functions of W_{0;h}(γ_m). We define ψ_l for l = 2n + 1, 1 ≤ n ≤ (ν_m − 3)/2 by

ψ_l(x) := { −1 +^5_2 ϕ_l(x), x ∈ supp ϕ_l, 0, elsewhere,

and ψ_l for l = 2n, 2 ≤ n ≤ (ν_m − 3)/2 by

ψ_l(x) :=

{_1 2 −^3_4 ϕ_{l−1}(x) + ϕ_l(x) −^3_4 ϕ_{l+1}(x), x ∈ supp ϕ_l, 0, elsewhere.

The two first, ψ_1, ψ_2, and the two last, ψ_{νm−1}, ψ_{νm} , basis functions are defined separately

ψ_1(x) :=

{_2 h_1 ‖x − x1‖, x ∈ supp ϕ1 0, elsewhere,

ψ_2(x) := 1 h_1 (‖x − x0‖ − ‖x − x1‖), x ∈ supp ϕ1, 1 2 + ϕ_2(x) −^3_4 ϕ_3(x), x ∈ supp ϕ_2 \ supp ϕ_1, 0, elsewhere,

ψ_{νm−1} and ψ_{νm} are given in the same way. Then, the biorthogonality relation between the basis functions ψ_l and ϕ_k can be shown by a straightforward computation.

3. Positive definite variational problem on the product space. In this section, we introduce an abstract framework for the definition of a new equivalent mortar setting based on the unconstrained product space. One possibility to work with the unconstrained product space, is discussed in [BH99, Ste98], where an idea introduced by Nitsche in [Nit70] is rediscovered and generalized to nonmatching triangulations. It turns out to be a penalty method where the penalty parameter does not depend on the meshsize and does not influence the condition number of the arising

10 B. I. WOHLMUTH AND R. H. KRAUSE

linear system. We refer to [BH99] for the details and some numerical results including a posteriori error estimators. Here, we carry out a different idea.

Very often the numerical solution of the mortar method is based on its saddle point formulation [AK95, AKP95, AMW96, AMW99, BD98, BDH99, BDL99, BDW98, EHI^+97, EHI^+98, HIK^+98, Kuz95a, Kuz95b, Kuz98, KW95, Lac98, WW98, WW99]. Working with this indefinite formulation has the advantage that the unconstrained product spaces associated with a nested sequence of global triangulations are nested. In contrast, the nonconforming constrained spaces are not nested. Our approach is based on this observation, and we introduce a symmetric and positive definite variational problem on the unconstrained product space. It will be shown that the solution of this problem is nothing else than the mortar finite element solution. The idea is not restricted to first order discretizations or to 2D. We work with locally defined basis functions of M_h(γ_m), satisfying |supp ψ_l| ≤ C |supp ϕ_l| and ‖ψ_l‖_{0;γm} ≤ C ‖ϕ_l‖_{0;γm} . The only necessary condition is that the nodal basis functions of M_h(γ_m) and W_{0;h}(γ_m) form a biorthogonal set ∫ γ_m ψ_lϕ_k dσ = c_lδ_{lk}|supp ϕ_k|, 1 ≤ l, k ≤ ν_m (3.1)

where c ≤ c_l ≤ C, 1 ≤ l ≤ ν_m. As in the previous section, we suppress the index m in case of the basis functions and also for the constants c_l. We further assume that the pair (X_h, M_h) defines a constrained space V_h such that the nonconforming variational problem (2.3) and the saddle point formulation (2.4) are well defined and yield optimal a priori bounds of the form (2.5) and (2.6) for the discretization errors. Examples for such pairings are given in the previous subsections. We recall that the only examples introduced in the previous subsections which do not satisfy the biorthogonality relation (3.1) are the standard Lagrange multiplier space M^1_h and the space M^3_h . Only under the assumption (3.1), the Lagrange multiplier λ_h can be locally eliminated and easily evaluated in terms of the right hand side and the mortar solution u_h. This observation forms the starting point of our new approach.

The motivation for our approach is the following dilemma: Very often saddle point problems like (2.4) are solved by Uzawa–like algorithms, and inner and outer iteration schemes are obtained. In case of the mortar approach, recently such a multigrid technique has been investigated in [WW99]. In this case, a modified Schur complement system has to be solved iteratively within each smoothing step. This method is a generalization of [BD98, BDW98, WW98] where the modified Schur complement system has to be solved exactly. A cascadic conjugate gradient method investigated in [BDL99] is also based on the exact solution of a modified Schur complement system. Another approach is investigated in [Kuz95a, Kuz95b] and further used in [EHI^+97, EHI^+98, HIK^+98, Kuz98]. It requires a good preconditioner for the exact Schur complement, and the iterative solution of the saddle point problem is obtained by a generalized Lanczos method. On the other hand, the positive definite formulation (2.3) is associated with a nonconforming space and standard multigrid techniques cannot be applied. We refer to [AMW96, AMW99, BDH99, CW96, Dry98a, Dry98b] for multilevel preconditioners and domain decomposition techniques. Recently, multigrid methods for the nonconforming formulation have been established [BDH99, GP98] involving the solution of a mass–matrix system in each smoothing step. Here, we introduce a third equivalent formulation. It is based on the unconstrained product space and gives rise to a symmetric positive definite formulation on which we can apply standard multigrid techniques. The rest of this section is devoted to the con-

Multigrid methods for the unconstrained product space 11

struction of a symmetric positive definite system living on the product space. Here, we will present the variational formulation on the product space as well as its algebraic form. The stiffness matrix associated with the unconstrained product space can be obtained by static condensation of the Lagrange multiplier. In case that the biorthogonality relation (3.1) holds, it can be easily evaluated in terms of the right hand side and the mortar solution u_h.

3.1. The variational formulation. At first glance, the saddle point problem (2.4) has the same structure for all pairings (X_h, M_h). However, there is an essential difference. Having the solution u_h of (2.3), the Lagrange multiplier λ_h can be obtained by solving a mass–matrix system on each interface. This is in general a global postprocessing step on the interface γ_m, and involves the inverse of the mass–matrix on the non–mortar side. In case that the biorthogonality (3.1) relation is satisfied, we find the coefficients λ_{m;l} in λ_{h|γm} = ν_m∑

l=1 λ_{m;l}ψ_l by a local postprocessing step. Then, the coefficients λ_{m;l} are given in terms of u_h and f

λ_{m;l} =

(f, ϕ_l)_0 − a(u_h, ϕ_l) ∫ γ_m ψ_lϕ_l dσ ,

where ϕ_l is the nodal basis function of the trace space W_{0;h}(γ_m) extended to the nodal basis function in X_h having its support in the subdomain Ω_{n(m)} associated with the non–mortar side. By means of linear functionals, the new formulation will be defined. We introduce g_1 : X_h −→ M_h and g_2 : X_h −→ X_h. Both functionals are associated with the interfaces. The functional g_1(v) := ∑_M m=1 ∑_{νm} l=1 β_{m;l}ψ_l is uniquely defined if for each interface γ_m the coefficients β_{m;l} are given. We set

β_{m;l} := v_{|Ωn(m)} (x_l) ∫ γ_m ψ_lϕ_l dσ , v ∈ X_h .

Let us recall that we have dropped the index m for the basis functions ψ_l for convenience. Furthermore, we define a linear functional g_2(·) being zero on V_h. It has the form g_2(v) = ∑_M m=1 ∑_{νm} l=1 α_{m;l}ϕ_l with

α_{m;l} := b(v, ψ_l) ∫ γ_m ψ_lϕ_l dσ .

Then, it is easy to see that g_2(v) only lives in a small neighborhood of the non–mortar sides and is zero on the mortar sides of the interfaces. The kernel of g_2(·) is exactly V_h and g_2(g_2(v)) = g_2(v). Now, there are two possibilities to show that an element v ∈ X_h is also in V_h. The first one uses the definition (2.2) of V_h. It is sufficient to proof that b(v, ψ_l) = 0 for 1 ≤ l ≤ ν_m, 1 ≤ m ≤ M. The second possibility is based on the projection g_2(·). For v ∈ X_h to be in V_h, it is equivalent to satisfy g_2(v) = 0.

The following lemma shows the equivalence between the nonconforming mortar formulation (2.3) and a non–symmetric and a symmetric variational problem on the

12 B. I. WOHLMUTH AND R. H. KRAUSE

product space X_h. The idea behind the introduction of the new variational problem is to use the decomposition v = (v−g_2(v))+g_2(v), where v−g_2(v) ∈ V_h. We remark that the biorthogonality relation (3.1) is not necessary for g_2(·) to be well–defined. But if (3.1) does not hold, g_2(·) is no projection, and we do not find in general v−g_2(v) ∈ V_h.

Lemma 3.1. Let u_h ∈ V_h be the unique solution of (2.3), then under the assumption (3.1), u_h is the unique solution of the non–symmetric variational problem

a(u_h, v − g_2(v)) + b(u_h, g_1(v)) = (f, v − g_2(v))_0, v ∈ X_h , (3.2)

and of the positive definite symmetric variational problem

a(u_h − g_2(u_h), v − g_2(v)) + a(g_2(u_h), g_2(v)) = (f, v − g_2(v))_0, v ∈ X_h . (3.3)

Proof. In a first step, we show that the solution u_h of (2.3) satisfies (3.2) and (3.3). Using u_h ∈ V_h, we find b(u_h, g_1(v)) = 0 and g_2(u_h) = 0. Since g_2(·) is a projection, we get g_2(v − g_2(v)) = 0 and thus v − g_2(v) ∈ V_h. Combining these observations, we get immediately that u_h solves (3.2) and (3.3).

To obtain the unique solvability of (3.2) and (3.3), it is sufficient to show that each solution of (3.2) and (3.3), respectively, is an element of V_h and thus a solution of (2.3). An element v ∈ X_h is in V_h if and only if b(v, μ) = 0, μ ∈ M_h or equivalently if g_2(v) = 0. Let us assume that u_h satisfies (3.2). For each 1 ≤ m ≤ M, 1 ≤ l ≤ ν_m, we have g_2(ϕ_l) = ϕ_l and g_1(ϕ_l) = α_lψ_l and α_l ≠ 0. The choice v := ϕ_l yields

b(u_h, ψ_l) = 0 ,

and therefore u_h is the unique solution of (2.3). To proof u_h ∈ V_h if u_h is the solution of (3.3), we use the second possibility and show g_2(u_h) = 0. Setting v := g_2(u_h) yields

a(g_2(u_h), g_2(u_h)) = 0.

Finally, taking into account that the bilinear form a(·, ·) is coercive on g_2(X_h), we find g_2(u_h) = 0.

Now, it is easy to see that the variational problem (3.3) is symmetric and positive definite. We define

â_h(v, w) := a(v − g_2(v), w − g_2(w)) + a(g_2(v), g_2(w)) , v, w ∈ X_h . (3.4)

Then â_h(·, ·) is a symmetric bilinear form satisfying â_h(v, v) ≥ 0. For each v ∈ X_h satisfying â_h(v, v) = 0, we find g_2(v) = 0 and a(v, v) = 0. Taking into account that the kernel of g_2(·) is V_h and that a(·, ·) is V_h–elliptic, we get v = 0.

Remark 3.2. We remark that the idea of dual basis functions is not restricted to the coupling of conforming Lagrangian finite elements. In [WW98], the coupling between mixed Raviart–Thomas finite elements and conforming piecewise linear Lagrangian finite elements is realized. Due to the different role of Dirichlet and Neumann boundary conditions a saddle point formulation without Lagrange multipliers on the interfaces can be established. Using the equivalent nonconforming approach with Crouzeix–Raviart elements instead of the mixed Raviart–Thomas elements, a piecewise constant Lagrange multiplier on the interfaces enters the formulation. Taking the definition of the degrees of freedom for the Crouzeix–Raviart elements into account, it is easy to see that we have also in this setting the required biorthogonality relation between the nodal basis functions of the trace space and the ones of the Lagrange multiplier space.

Multigrid methods for the unconstrained product space 13

For the analysis of the multigrid method, we assume that the global triangulation is quasi uniform. In the rest of this section, we consider the bilinear form â_h(·, ·) in more detail. We focus on the continuity and the ellipticity of â_h(·, ·). The continuity of â_h(·, ·) is closely related to the stability of the decomposition of v ∈ X_h in v − g_2(v) and g_2(v). This decomposition is not uniformly stable in h with respect to the energy norm. Taking an element v ∈ X_h being piecewise constant on the subdomains, we find that â_h(v, v) ≤ C ( ‖v‖^2_0 + 1 h M∑ m=1 ‖[v]‖^2_{0;γm} ) . In the following ‖ · ‖ stands for the broken H^1–norm on Ω. More general, we obtain the following upper bound for â_h(v, v), v ∈ X_h

â_h(v, v) ≤ 2(a(v, v) + a(g_2(v), g_2(v))) ≤ C ( ‖v‖^2_1 + 1 h M∑ m=1 ‖[v]‖^2_{0;γm} ) ≤ C h^2

‖v‖^2_0 .

A lower bound can be easily obtained by the uniform ellipticity of a(·, ·) on V_h × V_h and on g_2(X_h) × g_2(X_h) â_h(v, v) ≥ C ( ‖v − g_2(v)‖^2_1 + ‖g_2(v)‖^2_1 ) ≥ C‖v‖^2_1 . Combining the upper and lower bounds for the bilinear form â_h(·, ·), we get that the condition number of the associated stiffness–matrix is bounded by C/h^2 as in the standard conforming finite element setting.

3.2. The algebraic formulation. In this subsection, we consider the algebraic formulations of the non–symmetric (3.2) and of the symmetric (3.3) variational problem. The starting point is the algebraic formulation of the saddle point problem (2.4) ( A B B^T 0 ) ( u_h λ_h ) = ( f 0 ) . (3.5)

Here, we use the same notation for the vector presentation of the solution and the solution as an element in X_h. The matrix A is the stiffness–matrix associated with the bilinear form a(·, ·) on X_h × X_h and the matrices B and B^T are associated with the bilinear form b(·, ·) on X_h × M_h. To see the consequences of the biorthogonality relation (3.1), we have to consider the matrix B in more detail. We decompose u_h into three components u^T_h = (u^T_I , u^T_M , u^T_N ). The first one u_I stands for all degrees of freedom associated with the interior nodes of the subdomains. The second one u_M includes all degrees of freedom on the mortar sides and on the boundary of the non– mortar sides. Finally, the third one u_N stands for all degrees of freedom associated with the interior nodes on the non–mortar sides. We note that each degree of freedom is contained in exactly one of the three groups. By means of this decomposition, we can rewrite the saddle point problem (3.5) and find A_{II} A_{IM} A_{IN} 0 A_{MI} A_{MM} A_{MN} M A_{NI} A_{NM} A_{NN} D 0 M^T D 0 u_I u_M u_N λ_h = f_I f_M f_N 0 . (3.6)

14 B. I. WOHLMUTH AND R. H. KRAUSE

The matrix M is a block mass–matrix and the band width depends on the local ratio of the meshsizes on mortar and adjacent non–mortar sides. The biorthogonality relation (3.1) guarantees that D is a diagonal matrix with positive entries. The third line of the saddle point problem (3.6) yields

λ_h = D^{−1}(f_N − A_{NI} u_I − A_{NM} u_M − A_{NN} u_N ) .

Introducing W^T := (0, 0, D^{−1}), we can rewrite λ_h in terms of W^T and the defect on the product space

λ_h = W^T (f − Au_h) . (3.7)

Using this elimination in (3.5), we find ( A B B^T 0 ) ( Id −W^T A ) u_h = ( (Id − BW^T )f 0 ) . (3.8)

In a last step, we reduce the number of equations by the dimension of M_h. This can be done in different ways. We multiply (3.8) from the left by (v^T , μ^T ) and set μ as a function of f and v. One possible choice is

μ := W^T v

yielding the algebraic non–symmetric system

(Id, W ) ( A B B^T 0 ) ( Id −W^T A ) u_h = (Id − BW^T )f. (3.9)

The choice

μ := W^T A(W B^T − Id)v

gives rise to a similar but symmetric positive definite system

(Id, (BW^T − Id)AW ) ( A B B^T 0 ) ( Id W^T A(W B^T − Id) ) u_h = (Id − BW^T )f.

(3.10)

Here, we have replaced (3.7) by the equivalent form λ_h = W^T (f + A(W B^T − Id)u_h). Now, the following lemma shows the relation between the algebraic formulations (3.9) and (3.10) and the variational equations (3.2) and (3.3).

Lemma 3.3. The algebraic form of the variational problems (3.2) and (3.3) is given by (3.9) and (3.10), respectively.

Proof. To start, we rewrite the two linear functions g_1(·) and g_2(·) in an algebraic form. Then, g_1(v) and g_2(v) are given by

W^T v and W B^T v ,

respectively. We apply B^T on v ∈ X_h and we find W B^T v = 0 if and only if v ∈ V_h. The multiplication with W can be interpreted as a scaled mapping from M_h onto X_h such that the result W B^T v lives in a small strip of width h in the neighborhood of the non–mortar side. Using this observation in the variational form (3.2), we get its algebraic formulation

(Id − BW^T )Au_h + W B^T u_h = (Id − BW^T )f .

Multigrid methods for the unconstrained product space 15

Comparing this system with (3.9), a straightforward computation gives the equality. The second assertion can be as easily established. Starting with the variational formulation (3.3), we obtain for its algebraic form

(Id − BW^T )A(Id − BW^T )^T u_h + BW^T AW B^T u_h = (Id − BW^T )f ,

which is nothing else than (3.10).

Remark 3.4. The numerical realization of our multigrid method will be based on the non–symmetric stiffness matrix A_{num} := A_{II} A_{IM} − A_{IN} D^{−1}M^T 0 A_{MI} − MD^{−1}A_{NI}^{AM M +2MD−1 AN N D−1 M T} −MD^{−1} A_{N M} −A_{M N} D^{−1} M^T MD −1A_{NN} 0 D^{−1}M^T Id

. (3.11)

This non–symmetric system is obtained from (3.10) by multiplying the third line with A^{−1}_{NN} . The analysis of the method will be carried out for the symmetric formulation (3.10). A special class of smoothers allows to work with two different formulations at the same time.

4. Multigrid convergence. The main difficulty in solving the linear systems arising from mortar discretizations is the handling of the constraints at the interfaces. Using the approach presented in this paper, standard multigrid methods can be applied directly to the positive definite formulation (3.3). In contrast to the constrained nonconforming case, the unconstrained product spaces associated with a nested sequence of triangulations are nested. However, using the standard injection to define the restriction and prolongation does not provide a suitable approximation property. We observe that the bilinear form â_h(·, ·) defined in (3.4) on X_h × X_h is mesh dependent due to the use of the linear form g_2(·). Let us recall that â_h(v, v) is bounded by the mesh dependent norm |||v|||^2 + 1/h ‖[v]‖^2_0. Working with the bilinear form â_h(·, ·) on X_H × X_H , X_H ⊂ X_h, H > h, we cannot expect an approximation property where the constant does not depend on the ratio H/h. To overcome this difficulty, we define level dependent bilinear forms in Subsection 4.1. By means of the a priori estimates and the definition of the level dependent bilinear form, we establish an approximation property in Subsection 4.2. Finally in Subsection 4.3, we consider a general class of smoothing operators. We derive the smoothing property and the stability of the smoother in suitable norms, thus completing the necessary ingredients for the proof of the W–cycle convergence.

4.1. Bilinear forms. For convenience, let us denote the finite element spaces X_{hl} associated with a nested sequence of triangulations with meshsize parameter h_l on level l by X_l, l = 1, . . . , L and let us assume 2 h_{l+1} = h_l. The finest level L is arbitrary, but fixed. We set dim X_l =: n_l and denote the Euclidian scalar product in IR^{nl} by (·, ·). Furthermore, we use the same notation for v_l ∈ X_l and its vector representation v_l ∈ IR^{nl} with respect to the standard nodal basis. This scaling yields that the L^2–norm of v_l ∈ X_l is equivalent to the Euclidian norm ‖v_l‖ := (v_l, v_l)^{1/2} of v_l ∈ IR^{nl} scaled by h_l c ‖v_l‖_0 ≤ h_l ‖v_l‖ ≤ C ‖v_l‖_0 . Observing that the definition of the linear forms g_1(·) and g_2(·) depends on the level l, we focus on the introduction of a level dependent bilinear form and a suitable

16 B. I. WOHLMUTH AND R. H. KRAUSE

transfer operator. To expose this dependency, we provide an additional index for the projections g^l_2(·) and write

â_l(u_l, v_l) = a(u_l − g^l_2(u_l), v_l − g^l_2(v_l)) + a(g^l_2(u_l), g^l_2(v_l)) , u_l, v_l ∈ X_l . (4.1)

Using this notation and denoting the stiffness matrix and right hand side defined in (3.10) by A_{l;sym} and f_{l;sym}, we can rewrite the linear system (3.10) on level l as

A_{l;sym}u_l = f_{l;sym} ,

which is equivalent to the variational equation

â_l(u_l, v_l) = (f, v_l)_0 , v_l ∈ X_l .

Now, we have to specify the bilinear forms on the coarse grid spaces. To do so, let us first denote the standard grid transfer operators with respect to the nodal basis by I^{l−1}_l : X_l −→ X_{l−1} and I^l_{l−1} : X_{l−1} −→ X_l. As usual, I^l_{l−1} is chosen to be the natural injection and the restriction is defined by (I^{l−1}_l )^T := I^l_{l−1}. Thus, it holds

(I^{l−1}_l v_l, w_{l−1}) = (v_l, I^l_{l−1}w_{l−1}) , v_l ∈ X_l , w_{l−1} ∈ X_{l−1} .

At first glance, it might be possible to use the restriction of â_L(·, ·) onto X_l, i.e. using

I^l_{l+1} · · · I^{L−1}_L A_{L;sym}I^L_{L−1} · · · I^{l+1}_l .

Unfortunately, in this case no suitable approximation property can be established. Thus, we equip the space X_l × X_l with the level dependent bilinear form â_l(·, ·) given by (4.1). In the next subsection, it is shown that for the finite element spaces X_l equipped with the level dependent bilinear forms â_l(·, ·) the approximation property holds.

In addition to define our multigrid method, we need a defect restriction. Let w̃_{l−1} be the solution of the defect problem in X_{l−1} associated with â_{l−1}(·, ·) and d̃_{l−1} := I^{l−1}_l d_l ∈ X_{l−1}. Then, even if W T_l d_l = 0, in general W T_{l−1} d̃_{l−1} ≠ 0. As a consequence, the constraints are in general not satisfied on level l − 1, i.e. B^T_{l−1}w̃_{l−1} ≠ 0. This observation motivates the definition of a modified restriction operator (~I_{mod})^{l−1}_l satisfying W^T_{l−1}d_{l−1} = 0 if W^T_l d_l = 0. Our new restriction operator is defined by

(~I_{mod})^{l−1}_l d_l := (Id − B_{l−1}W^T_{l−1}) I^{l−1}_l (Id − B_lW^T_l ) d_l + B_{l−1}W^T_{l−1}I^{l−1}_l B_lW^T_l d_l .

We remark that the restriction operator is based on the decomposition d_l = (Id − B_lW^T_l ) d_l + B_lW^T_l d_l. Now, the coarse grid correction w_{l−1} is given as the solution of the defect equation

A_{l−1;sym} = d_{l−1} , (4.2)

where d_{l−1} := (~I_{mod})^{l−1}_l d_l. Thus if the iterates on level l satisfy the constraints, the correction w_{l−1} satisfies the constraints on level l − 1, i.e. B^T_{l−1}w_{l−1} = 0.

In the following remark, we discuss how the matrices A_{l;sym} for l < L are assembled.

Remark 4.1. Firstly, we obtain the matrices A_{l−1}, l ≤ L, by recursive Galerkin assembling A_{l−1} = I^{l−1}_l A_lI^l_{l−1}. These matrices correspond to the bilinear form a(·, ·) given on the unconstrained product space, i.e.

(A_lu_l, v_l) = a(u_l, v_l) , u_l, v_l ∈ X_l .

Multigrid methods for the unconstrained product space 17

Using these matrices, the modified matrices A_{l;num} can be computed by local modifications on each level.

In a second remark, we consider the modified restriction operator in more detail. Working on a suitable subspace, the definition of the restriction can be considerably simplified.

Remark 4.2. In case that the defect d_l on level l satisfies W^T_l d_l = 0, we can compute d_{l−1} by d_{l−1} = (I_{mod})^{l−1}_l d_l, where (I_{mod})^{l−1}_l is the simplified restriction operator

(I_{mod})^{l−1}_l := (Id − B_{l−1}W^T_{l−1}) I^{l−1}_l . (4.3)

As we will see in Section 4.3, our special class of smoothers satisfies W^T_l d_l = 0 by construction.

4.2. Approximation property. One essential tool to establish level independent convergence rates for the W–cycle is a suitable approximation property. The saddle point problem (2.4) forms the starting point of our analysis. Based on the a priori estimates for the saddle point problem (2.4), we establish an approximation property in the L^2–norm. In [Woh99b], the approximation property for the saddle point problem on level l is shown if the right hand side is orthogonal to the space X_{l−1} ×M_{l−1} with respect to a level dependent bilinear form. The result is established for the standard Lagrange multiplier spaces which are nested. We cannot apply this result to our setting since the Lagrange multiplier spaces have not to be nested. In particular, the examples satisfying (3.1) presented in Section 2 are non–nested. Here, we establish a weaker result for the more general situation of non–nested Lagrange multiplier spaces.

For the rest of this section, we assume full H^2–regularity of the problem. Let w_l and w_{l−1} be the solution of A_{l;sym}w_l = d_l and A_{l−1;sym}w_{l−1} = d_{l−1}, respectively, where the stiffness matrices and d_{l−1} are defined in the previous subsection. The following lemma gives an upper bound for w_l − I^l_{l−1}w_{l−1} in the Euclidian vector norm.

Lemma 4.3. Under the assumption that W^T_l d_l = 0, the following upper bound for w_l − I^l_{l−1}w_{l−1} holds ‖w_l − I^l_{l−1}w_{l−1}‖ ≤ C ‖d_l‖ with a constant C independent of the refinement level l.

Proof. Observing that W^T_{l−1}d_{l−1} = W^T_{l−1}(Id − B_{l−1}W^T_{l−1})I^{l−1}_l d_l = 0, we find B^T_l w_l = B^T_{l−1}w_{l−1} = 0. To proof the assertion, we consider a corresponding saddle point problem. Defining λ_l := W^T_l (d_l − A_lw_l) and λ_{l−1} := W^T_{l−1}(I^{l−1}_l d_l − A_{l−1}w_{l−1}), we find that (w_l, λ_l) and (w_{l−1,}λ_{l−1}) solve the saddle point problem ( A_l B_l B^T_l 0 ) ( w_l λ_l ) = ( d_l 0 ) and ( A_{l−1} B_{l−1} B^T_{l−1} 0 ) ( w_{l−1} λ_{l−1} ) = ( I^{l−1}_l d_l 0 ) , respectively. Associated with d_l is a unique f_d ∈ X_l ⊂ L^2(Ω) such that for v ∈ X_l

(f_d, v)_0 = (d_l, v) ,

and h_l ‖f_d‖_0 ≤ C ‖d_l‖. Now, we define the continuous variational problem by: Find w ∈ H^1_0 (Ω) such that

a(w, v) = (f_d, v)_0, v ∈ H^1_0 (Ω) .

18 B. I. WOHLMUTH AND R. H. KRAUSE

Then, w_l and w_{l−1} are the corresponding nonconforming mortar finite element solutions of this variational problem on level l and l − 1, respectively. Using the full H^2–regularity and the a priori estimates in the L^2–norm, we obtain ‖w_l − I^l_{l−1}w_{l−1}‖ ≤^C_{hl} ‖w_l − w_{l−1}‖_0 ≤^C_{hl} (‖w_l − w‖_0 + ‖w − w_{l−1}‖_0) ≤ Ch_l‖w‖_2 ≤ Ch_l‖f_d‖_0 ≤ C‖d_l‖.

In case that the Lagrange multiplier spaces are non–nested, M_{l−1} ⊄ M_l, we can not write w_l − w_{l−1} ∈ X_l as the solution of a saddle point problem on X_l × M_l. Then, the approximation property has to be established in terms of ‖w_l −w‖ and ‖w_{l−1} −w‖ where w is a suitable element in H^1_0 (Ω). We point out that the approximation property is only shown for the special case that W^T_l d_l = 0. Thus, we have to use special types of smoothers satisfying this condition.

4.3. Smoothing property. In addition to the approximation property, a suitable smoothing property has to be established to obtain level independent convergence rates. To measure the smoothing effect, the iteration error ‖e^ν ‖ in the ‖A_{sym} · ‖–norm has to be bounded by the ‖ · ‖–norm of the start iterate e^0. Note, that the discrete norm ‖A_{sym} · ‖ is not equivalent to the H^2–norm. In contrast to the two grid convergence analysis, approximation and smoothing property are not sufficient to obtain a level independent convergence rate in the full multigrid case. Additionally, the stability constant of the smoothing operator in the ‖ · ‖–norm enters the estimates.

In this subsection, we construct suitable smoothing operators for the system on the unconstrained product space. We suppress all indices indicating the actual level. In particular, we focus on a special structure of the smoother yielding iterates which satisfy the constraints at the interface. As a consequence, we obtain after ν smoothing steps, ν ≥ 1, a defect vector satisfying W^T d = 0. Only in this case, we are in the setting of Lemma 4.3, which states the approximation property. To define a suitable smoother for our multigrid method, we start with a 2 × 2 block decomposition of A_{sym}. The first block is obtained by grouping u_I and u_M together. Introducing u^T_S := (u^T_I , u^T_M ), (3.10) can be rewritten as ( A_{SS} A_{SN} A_{NS} A_{NN} ) ( u_S u_N ) = ( f_S 0 ) , where f^T_S := ((f_{sym})^T_I , (f_{sym})^T_M ). The blocks A_{SS} and A_{SN} = A^T_{NS} are given by

A_{SS} := ( (A_{sym})_{II} (A_{sym})_{IM} (A_{sym})_{MI} (A_{sym})_{MM} ) , A_{SN} := ( (A_{sym})_{IN} (A_{sym})_{MN} ) , where the block matrices are submatrices of A_{sym}. The matrix A_{SS} is symmetric positive definite, the eigenvalues of which are bounded from below by ch^2 and from above by a constant C. A_{NN} is the symmetric positive sub block of A associated with the interior degrees of freedom on the non–mortar sides. Its eigenvalues are bounded by ch and C. Let us assume that G_S defines a symmetric and positive definite smoothing operator for A_{SS} , satisfying

σ(G^{−1}_S A_{SS} ) ⊂ [0, 1], c Id ≤ G_S ≤ C Id . (4.4)

Multigrid methods for the unconstrained product space 19

Here, σ(T ) denotes the spectrum of the operator T . We define our iteration matrix G^{−1} by

G^{−1} := ( G^{−1}_S −G^{−1}_S B_{SN} D^{−1} −D^{−1}B_{NS} G^{−1}_S^3_2 D^{−1}B_{NS} G^{−1}_S B_{SN} D^{−1} + αId ) , (4.5)

where B_{NS} = (0, M^T ) and B_{SN} = B^T_{NS} . Here, M is the mass–matrix defined in the previous section. The coefficient α is defined in terms of the maximal eigenvalue λ_{max} of A_{NN} satisfying c ≤ λ_{max} ≤ C, α := 0.5 · λ^{−1}_{max}.

By means of G^{−1}, we define our iteration scheme. The ν–th iterate y^ν ∈ X_h is given by

y^ν = y^{ν−1} + G^{−1} ( d − A_{sym} y^{ν−1} ) , ν ≥ 1, (4.6)

where y is the solution of A_{sym} y = d and y^0 ∈ X_h is a given start iterate. The stability constant of the iteration (4.6) depends essentially on the condition number of the operator G^{−1}. The following lemma shows that the algebraic properties of G^{−1} are inherited from G^{−1}_S . In particular, the condition number of G^{−1} is bounded by the one of G_S .

Lemma 4.4. Under the assumptions (4.4), G^{−1} defined in (4.5) is a symmetric and positive definite operator satisfying c Id ≤ G ≤ CId with constants c, C not depending on the meshsize.

Proof. The symmetry of G^{−1} is a consequence of (4.5). It remains to estimate the eigenvalues of G^{−1}. A straightforward computation shows that G^{−1} is spectrally equivalent to its block diagonal matrix c_1N ≤ x^T ( G^{−1}_S −G^{−1}_S B_{SN} D^{−1} −D^{−1}B_{NS} G^{−1}_S^3_2 D^{−1}B_{NS} G^{−1}_S B_{SN} D^{−1} + αId ) x ≤ C_1N , where N := ( x^T_S G^{−1}_S x_S + x^T_N D^{−1}B_{NS} G^{−1}_S B_{SN} D^{−1}x_N + αx^T_N x_N ) , x^T := (x^T_S , x^T_N ), and c_1 := (5 − √ 17)/4, C_1 := (5 + √ 17)/4. Finally, we consider N in more detail and find by means of ‖B_{SN} D^{−1}‖ ≤ C the following upper bound N ≤ C ‖G^{−1}_S ‖ ( ‖x_S ‖^2 + ‖B_{SN} D^{−1}x_N ‖^2 + α‖x_N ‖^2 ) ≤ C ‖G^{−1}_S ‖ ‖x‖^2 . In the first inequality, we have used the fact that ‖G_S ‖ ≤ C and in the last one α is bounded. On the other hand observing α ≥ c and (4.4), a lower bound for N can be given in terms of ‖G_S‖ N ≥ ‖G_S ‖^{−1} ( ‖x_S ‖^2 + ‖B_{SN} D^{−1}x_N ‖^2 + α ‖x_N ‖^2 ) ≥ C ‖G_S ‖^{−1} ‖x‖^2 . We remark that in general an inequality of the form ‖B_{SN} D^{−1}x_N ‖ ≥ c ‖x_N ‖ with c > 0 does not hold. Furthermore, it is easy to see that the condition number of G is bounded by the condition number of G_S . Then, the assumption (4.4) yields the assertion.

Having the positive definiteness of G^{−1}, to obtain a smoother, we still have to show that G provides a good approximation of the high frequency part of A_{sym}. We recall that the modified defect restriction introduced in Subsection 4.1 guarantees that

20 B. I. WOHLMUTH AND R. H. KRAUSE

the right hand side d of the defect equation has the form d = (d^T_S , 0)^T , if the iterate on the previous level satisfies the constraints.

Lemma 4.5. Under the assumptions B^T y^0 = 0 and 4.4 on G_S , we obtain

‖A_{sym} e^ν ‖ ≤ C ν ‖e^0‖ , ν ≥ 1, where e^ν := y − y^ν . Furthermore, each iterate y^ν satisfies B^T y^ν = 0.

Proof. We start with the proof of B^T y^ν = 0 by induction. Assuming B^T y^ν = 0, we find for B^T y^{ν+1}

B^T y^{ν+1} = B^T y^ν + B^T G^{−1}A_{sym} e^ν = B^T G^{−1}A_{sym} e^ν .

In a next step, we consider B^T G^{−1}A_{sym} in more detail. Observing A_{NN} D^{−1}B^T y = 0 yields B^T y = 0, and we get

B^T G^{−1}A_{sym} e^ν = B^T G^{−1} ( A_{SS} A_{SN} A_{NS} A_{NN} ) ( e^ν_S e^ν_N )

= B^T ( G^{−1}_S −G^{−1}_S B_{SN} D^{−1} −D^{−1}B_{NS} G^{−1}_S^3_2 D^{−1}B_{NS} G^{−1}_S B_{SN} D^{−1} + αId ) ( A_{SS} e^ν_S + A_{SN} e^ν_N 0 )

= B^T ( Id −D^{−1}B_{NS} ) G^{−1}_S (A_{SS} e^ν_S + A_{SN} e^ν_N ) = ( B_{NS} − DD^{−1}B_{NS} ) G^{−1}_S ( A_{SS} e^ν_S + A_{SN} e^ν_N ) = 0 .

Here, we have used A_{NS} = A_{NN} D^{−1}B_{NS} . Now, the assumption B^T y^0 = 0 yields the assertion B^T y^{ν+1} = 0 for ν ≥ 1.

In a second step, we proof the smoothing property of iteration (4.6). As shown in Lemma 4.4, the operator G^{−1} is symmetric and positive definite. Then, G^{−1/2} is well defined and A_{sym}e^ν can be rewritten as

A_{sym}e^ν = G^{1/2}(G^{−1/2}A_{sym}G^{−1/2})(Id − G^{−1/2}A_{sym}G^{−1/2})^ν G^{1/2}e^0 .

Having in mind that the norm of a symmetric matrix is bounded by its spectral radius, it is sufficient to estimate the spectrum of G^{−1/2}A_{sym}G^{−1/2} ‖A_{sym}e^ν ‖ ≤ ‖G‖ max x∈σ(G^{−1}A_{sym}) |x(1 − x)^ν | ‖e^0‖ . We consider in the following the eigenvalue problem G^{−1}A_{sym}x = λx, x^T := (x^T_S , x^T_N ), and prove 0 ≤ λ ≤ 1. To start, we give the block structure of G^{−1}A_{sym}

G^{−1}A_{sym} = ( G^{−1}_S −G^{−1}_S B_{SN} D^{−1} −D^{−1}B_{NS}G^{−1}_S^3_2 D^{−1}B_{NS} G^{−1}_S B_{SN} D^{−1} + αId ) ( A_{SS} A_{SN} A_{NS} A_{NN} )

= G^{−1}_S A_{SS} − G^{−1}_S B_{SN} D^{−1}A_{NN} D^{−1}B_{NS} 0 3 2 D^{−1}B_{NS} G^{−1}_S B_{SN} D^{−1}A_{NN} D^{−1}B_{NS} +αA_{NS} − D^{−1}B_{NS} G^{−1}_S A_{SS} 1 2 D^{−1}B_{NS} G^{−1}_S B_{SN} D^{−1}A_{NN} +αA_{NN} Here, we have used A_{SN} = B_{SN} D^{−1}A_{NN} . Obviously, we find λ > 0 since G^{−1} and A_{sym} are symmetric and positive definite. Let us first assume x_S ≠ 0. Then, λ is an eigenvalue of G^{−1}A_{sym} for the eigenvector x only if x_S is an eigenvector of the lower dimensional problem (A_{SS} − B_{SN} D^{−1}A_{NN} D^{−1}B_{NS} )x_S = λG_S x_S .

Multigrid methods for the unconstrained product space 21

Here, we have used the fact that G^{−1}A_{sym} is a lower block triangular matrix. By means of x^T_S G_S x_S ≥ x^T_S A_{SS} x_S and A_{NN} > 0, we get

x^T_S G_S x_S ≥ x^T_S A_{SS} x_S − x^T_S B_{SN} D^{−1}A_{NN} D^{−1}B_{NS} x_S = λx^T_S G_S x_S ,

and thus λ ≤ 1. Let us now consider the second case x^T = (0, x^T_N ), i.e. x_S = 0. Then, the eigenvalue problem G^{−1}A_{sym}x = λx can be reduced to the following eigenvalue problem on a smaller space ( 1 2 D^{−1}B_{NS} G^{−1}_S B_{SN} D^{−1} + αId)x_N = λA^{−1}_{NN} x_N .

Observing w^T A_{sym}w > 0, we find for w = (A^{−1}_{SS} B_{SN} D^{−1}x_N , −A^{−1}_{NN} x_N )

x^T_N D^{−1}B_{NS} A^{−1}_{SS} B_{SN} D^{−1}x_N ≤ x^T_N A^{−1}_{NN} x_N .

Using the assumption (4.4) on G_S and the definition of α, a straightforward calculation shows

λx^T_N A^{−1}_{NN} x_N = 1 2 x^T_N D^{−1}B_{NS} G^{−1}_S B_{SN} D^{−1}x_N + αx^T_N x_N ≤ 1 2 x^T_N D^{−1}B_{NS} A^{−1}_{SS} B_{SN} D^{−1}x_N + 1 2 x^T_N A^{−1}_{NN} x_N ≤ x^T_N A^{−1}_{NN} x_N . Since A^{−1}_{NN} is symmetric positive definite, we find λ ≤ 1. By means of the positive definiteness of G and A_{sym}, we finally obtain 0 ≤ λ ≤ 1 and by means of Lemma 4.4

‖A_{sym}e^ν ‖ ≤ ‖G‖ eν ‖e^0‖ ≤ C ν ‖e^0‖ .

In contrast to [BD98, BDL99, BDW98], no Schur complement system has to be solved exactly to guarantee B^T y^ν = 0 in each smoothing step. The action of G^{−1} can be easily obtained by applying G^{−1}_S .

Remark 4.6. The second column of G^{−1} is redundant for the numerical realization of the smoother and can be replaced by zero. Furthermore in Section 5, we will show that G in (4.6) can be replaced by a Gauß–Seidel smoother.

In addition to the smoothing and approximation property, the ‖ · ‖–stability of the iteration matrix Id − G^{−1}A_{sym} is required for the convergence of the W–cycle, see e.g. [BS94, Hac85]. As in case of the smoothing property, the stability is inherited from G^{−1}_S .

Lemma 4.7. Under the assumption 4.4, the iteration (4.6) is stable and the iteration error e^ν is bounded by ‖e^ν ‖ ≤ C ‖e^0‖ with a constant independent of ν.

Proof. Having in mind that the iteration error e^ν can be written as

e^ν = (Id − G^{−1}A_{sym})^ν e^0 ,

‖e^ν ‖ can be bounded by ‖e^ν ‖ ≤ ‖G^{−1/2}‖ ‖Id − G^{−1/2}A_{sym}G^{−1/2} ‖^ν ‖G^{1/2}‖ ‖e^0‖ .

22 B. I. WOHLMUTH AND R. H. KRAUSE

By means of σ(G^{−1}A_{sym}) ⊂ [0, 1], we find ‖e^ν ‖ ≤ √ κ(G) ‖e^0‖. Then, the stability of the iteration (4.6) follows immediately from Lemma 4.4.

Now, we are in the setting to formulate our main result. Our multigrid method will be defined in terms of the smoothing iteration (4.6), the coarse grid correction w_{l−1} defined by (4.2) and the standard prolongation I^l_{l−1} for the coarse grid correction. The start iterate y^0_l on each level for the defect equation is set to zero as usual guaranteeing B^T_l y^0_l = 0.

Theorem 4.8. Under the assumption (4.4), the convergence rate for the W– cycle is independent of the number of refinement levels provided that the number of smoothing steps is large enough.

Proof. The proof follows from the approximation property, Lemma 4.3, the smoothing property, Lemma 4.5 and the stability, Lemma 4.7. For details, we refer for example to [BS94, Hac85].

5. Numerical results. The multigrid algorithm on the unconstrained product space has been implemented for two space dimensions in the framework of the finite element toolbox UG [BBJ^+97]. We present some numerical experiments illustrating the performance of the algorithm. The theoretical results for the W–cycle are confirmed by the numerical ones. Furthermore, we obtain level independent convergence rates for the V–cycle in case of full regularity. We use piecewise linear Lagrangian finite elements and the dual space M^2_h for the Lagrange multiplier introduced in Subsection 2.1.

Three different examples are considered: The first one with full regularity on the unit square decomposed into nine subdomains having four crosspoints. The second example is characterized by a solution with a corner singularity, and the third example involves highly discontinuous coefficients. We refer to [Woh98, Woh99a] for the numerical comparison of the discretization errors for different Lagrange multiplier spaces in case of these examples.

Let us consider the examples in more detail. Example 1 is given by −Δu = f on (0, 1)^2, where the right hand side f and the Dirichlet boundary conditions are chosen so that the exact solution is (exp(−500s) − 1) ∗ (exp(−500t) − 1) ∗ (exp(−500q) − 1) ∗ (1−3r)^2. Here s := (x−1/3)^2, t := (x−2/3)^2, q := (y −1/2)^2 and r := (x−1/2)^2 +q. The solution and the initial triangulation are shown in Figure 5.1.

Fig. 5.1. Decomposition and initial triangulation (left) and solution (right) (Example 1)

The domain is decomposed into nine subdomains defined by Ω_{ij} := ((i − 1)/3, i/3) ×((j − 1)/3, j/3) , 1 ≤ i, j ≤ 3 and the triangulations do not match at the interfaces. We observe two different situations at the interface, e.g. the isolines of the solution are almost parallel at ∂Ω_{11} ∩ ∂Ω_{12} whereas at ∂Ω_{11} ∩ ∂Ω_{21} the angle between the isolines and the interface is bounded away from zero on a large part of the interface.

Multigrid methods for the unconstrained product space 23

In case that the isolines are orthogonal on the interface the exact Lagrange multiplier will be zero.

Fig. 5.2. Decomposition and initial triangulation (left) and solution (right) (Example 2)

In our second example, we consider the union square with a slit at y = 0.5, 0.5 ≤ x ≤ 1, decomposed into four subdomains, see Figure 5.2. Here, the right hand side f and the Dirichlet boundary conditions of −Δu = f are chosen so that the exact solution is given by (1 − 3r^2)^2r^{1/2} sin(1/2ϕ), where x − 1/2 = r cos ϕ, and y − 1/2 = r sin ϕ. The solution has a singularity in the center of the domain. We do not have H^2–regularity, and we therefore cannot expect an O(h) behaviour for the discretization error in the energy norm.

Our last example illustrates the influence of discontinuous coefficients. We consider the diffusion equation −div a∇u = f, on (0, 1)^2, where the coefficient a is discontinuous. The unit square Ω is decomposed into four subdomains Ω_{ij} := ((i − 1)/2, i/2) × ((j − 1)/2, j/2) as in Figure 5.3.

Fig. 5.3. Decomposition and initial triangulation (left) and solution (right) (Example 3)

The coefficients on the subdomains are given by a_{11} = a_{22} = 0.00025, a_{12} = a_{21} = 1. The right hand side f and the Dirichlet boundary conditions are chosen to match a given exact solution, (x − 0.5)(y − 0.5) exp(−10((x − 0.5)^2 + (y − 0.5)^2))/a. In particular, f does not reflect the discontinuity of the coefficient a. This solution is continuous with vanishing [a∇un] on the interfaces. Because of the discontinuity of the coefficients, we use a highly non–matching triangulation at the interface, see Figure 5.3.

We use a standard uniform refinement technique for simplicial triangulations on the different subdomains. Each element is decomposed into four congruent subtriangles. The numerical results are based on the multigrid algorithm introduced in Section 4. In particular, we use the level dependent transfer operator given by (4.3). We compare different smoothing operators and the influence of the number of smoothing steps on the convergence rates. We discuss a symmetric Gauß–Seidel smoother for G_S as well as a non–symmetric one.

The start iterate y^0_l for the defect iteration on each level is set to zero, and the

24 B. I. WOHLMUTH AND R. H. KRAUSE

ν–th smoothing step on level l is given by

y^ν_l := y^{ν−1}_l + ( G_S 0 D^{−1}B_{NS} Id )_{−1} ( d_l − A_{num}y^{ν−1}_l ) , (5.1)

where A_{num} is defined in (3.11). For simplicity, we suppress the level index in case of the matrices if the level l is clear from the context. A straightforward calculation as in the proof of Lemma 4.5 shows that B^T_l y^ν_l = 0, and that (5.1) can be replaced by (4.6). Thus if G_S satisfies the assumptions (4.4), we can apply Lemma 4.5. We remark that the action of the non–symmetric smoother in (5.1) is due to the special structure of the defect d_l the same as of the symmetric one given by (4.5), and we are in the setting of Subsection 4.3.

V(1, 1)–cycle V(3, 3)–cycle W(1, 1)–cycle W(3, 3)–cycle

Fig. 5.4. Asymptotic convergence rates for the symmetric Gauß–Seidel smoother (Example 1)

V(1, 1)–cycle V(3, 3)–cycle W(1, 1)–cycle W(3, 3)–cycle

Fig. 5.5. Asymptotic conv. rates for the non–symmetric Gauß–Seidel smoother (Example 1)

We consider two different choices of G_S . In the first case, G_S is a symmetric Gauß–Seidel smoother where the unknowns u_S are ordered lexicographically. Then, Theorem 4.8 yields a level independent convergence rate for the W–cycle provided that the number of smoothing steps is large enough. In the second case, we replace the symmetric Gauß–Seidel smoother G_S in the unknowns u_S by a non–symmetric Gauß–Seidel, again the unknowns are ordered lexicographically. Then, the iteration step (5.1) is nothing else than a standard non–symmetric Gauß–Seidel iteration where the unknowns are ordered as follows (u_S , u_N ). Thus, no additional work is necessary to obtain iterates in the constrained space. We remark that the ordering is important. Only if the unknowns u_N are considered after u_M , the constraints at the interfaces are satisfied in each smoothing step. The only difference compared with a standard multigrid algorithm for symmetric positive definite problems on nested spaces is the transfer operator. In our case, we replace the standard grid transfer operator I^{l−1}_l by the level dependent one (I_{mod})^{l−1}_l = (Id − B_{l−1}W^T_{l−1}) I^{l−1}_l defined in (4.3). Observing that B_{l−1}W^T_{l−1} is not only sparse but the number of non–zero entries is bounded by C √ n in 2D and by Cn^{2/3} in 3D, we find that the extra amount of work is of smaller order than one smoothing step. Here, n is the number of unknowns. In particular, the application of (I_{mod})^{l−1}_l involves only a scaled mass–matrix on the interfaces.

Multigrid methods for the unconstrained product space 25

Figures 5.4–5.9 show the convergence rates of the V–cycle and the W–cycle for the two different smoothers in dependency of the number of elements. In 5.4, 5.6 and 5.8, we use the symmetric Gauß–Seidel smoother whereas in 5.5, 5.7 and 5.9, the non–symmetric one is applied. Both smoothers can be easily applied and no extra work is required to guarantee the constraints at the interface. The two pictures from the left in the figures show the results for a V–cycle whereas the two pictures from the right show the corresponding results for the W–cycle. The number of pre– and post–smoothing steps is equal ν. Here, we consider the cases ν = 1 and ν = 3.

V(1, 1)–cycle V(3, 3)–cycle W(1, 1)–cycle W(3, 3)–cycle

Fig. 5.6. Asymptotic convergence rates for the symmetric Gauß–Seidel smoother (Example 2)

V(1, 1)–cycle V(3, 3)–cycle W(1, 1)–cycle W(3, 3)–cycle

Fig. 5.7. Asymptotic conv. rates for the non–symmetric Gauß–Seidel smoother (Example 2)

We start with a comparison of the numerical results for Examples 1 and 3, see Figures 5.4, 5.5, 5.8 and 5.9. Here, we have full regularity, and obtain level independents convergence rate for all test settings, even in case of the V–cycle with one pre– and one post–smoothing step and for the non–symmetric Gauß–Seidel smoother. Increasing the number of smoothing steps from one to three improves the convergence rate for the W–cycle and V–cycle considerably. The numerical results show that the convergence rates are approximately by the factor three smaller in case of three smoothing steps. The convergence rates for the W–cycles in these two examples are only minimal better than the ones for the V–cycles. The results for the symmetric smoother are better than for the non–symmetric one. However, one application of the symmetric variant of G^{−1}_S is as twice as expensive as one of the non–symmetric one. The effect of the choice of the smoother is for Example 3 more distinct than for Example 1. Finally, we consider the results for Example 2 in more detail. Figures 5.6 and 5.7 show the corresponding convergence rates. Here, we have no H^2–regularity. For the case ν = 3, we obtain level independent convergence rates for the symmetric Gauß–Seidel smoother as well as for the unsymmetric one, see Figure 5.6. In case of the unsymmetric smoother and ν = 1, it seems to be that the convergence rates get asymptotically constant. But the asymptotic starts late. Increasing the number of smoothing steps gives not only quantitative better results but also the asymptotic starts earlier, see Figure 5.7.

Finally, we remark that the defect restriction d_{l−1} = (I_{mod})^{l−1}_l d_l is only one

26 B. I. WOHLMUTH AND R. H. KRAUSE

V(1, 1)–cycle V(3, 3)–cycle W(1, 1)–cycle W(3, 3)–cycle

Fig. 5.8. Asymptotic convergence rates for the symmetric Gauß–Seidel smoother (Example 3)

V(1, 1)–cycle V(3, 3)–cycle W(1, 1)–cycle W(3, 3)–cycle

Fig. 5.9. Asymptotic conv. rates for the non–symmetric Gauß–Seidel smoother (Example 3)

possibility. A more general form of the defect on level l − 1 can be obtained by

d_{l−1} := (Id − B_{l−1}W^T_{l−1}) I^{l−1}_l (d_l − B_lz_l)

where z_l is a suitable vector being in IR^m and m is the dimension of the Lagrange multiplier space on level l. To find appropriate vectors z_l, we have to consider the saddle point formulation. We recall that the approximation property 4.3 is obtained by a priori estimates for the corresponding saddle point formulation. The local elimination of the Lagrange multiplier was the starting point for the introduction of our new setting. The choice λ_l = W^T_l (f_l − Au_l) yields the defect (d_l, 0)^T for the saddle point problem, where d_l is the defect of the corresponding system on the unconstrained product space. Observing that λ_l is an approximation for the flux, other choices not depending on f_l might be reasonable. Furthermore, the components of W^T f_l are of the order h_l and tend to zero with increasing refinement level l. Setting λ_l := −(0, −α_1D^{−2}_l M_l, α_2D^{−1}_l )A_l u_l with non–negative weights α_1 and α_2, α_1 + α_2 = 1, gives z_l = −W^T_l f_l + α_1D^{−2}_l B^T_l A_l u_l.

REFERENCES

[AK95] Y. Achdou and Y. Kuznetsov. Substructuring preconditioners for finite element methods on nonmatching grids. East–West J. Numer. Math., 3:1–28, 1995.

[AKP95] Y. Achdou, Y. Kuznetsov, and O. Pironneau. Substructuring preconditioners for the Q_1 mortar element method. Numer. Math., 71:419–449, 1995.

[AMW96] Y. Achdou, Y. Maday, and O. Widlund. Méthode iterative de sous–structuration pour les éléments avec joints. C. R. Acad. Sci., Paris, Ser. I, 322:185–190, 1996.

[AMW99] Y. Achdou, Y. Maday, and O. Widlund. Iterative substructuring preconditioners for mortar element methods in two dimensions. SIAM J. Numer. Anal., 36:551–580, 1999.

[BBJ^+97] P. Bastian, K. Birken, K. Johannsen, S. Lang, N. Neuß, H. Rentz–Reichert, and C. Wieners. UG – a flexible software toolbox for solving partial differential equations. Computing and Visualization in Science, 1:27–40, 1997.

[BD98] D. Braess and W. Dahmen. Stability estimates of the mortar finite element method for 3–dimensional problems. East–West J. Numer. Math., 6:249–264, 1998.

Multigrid methods for the unconstrained product space 27

[BDH99] D. Braess, M. Dryja, and W. Hackbusch. Multigrid method for nonconforming fe– discretisations with application to nonmatching grids. Computing, 63:1–25, 1999.

[BDL99] D. Braess, P. Deuflhard, and K. Lipnikov. A cascadic conjugate gradient method for domain decomposition with non–matching grids. Preprint SC99–07, Konrad– Zuse–Zentrum für Informationstechnik Berlin, 1999.

[BDW98] D. Braess, W. Dahmen, and C. Wieners. A multigrid algorithm for the mortar finite element method. Technical Report 153, RWTH Aachen, 1998.

[Ben95] F. Ben Belgacem. The mortar finite element method with Lagrange multipliers. Technical report, Laboratoire d’Analyse Numérique, Univ. Pierre et Marie Curie, Paris, 1995. To appear in Numer. Math.

[BFMR98] F. Brezzi, L. Franca, D. Marini, and A. Russo. Stabilization techniques for domain decomposition methods with non–matching grids. In P.E. Bjørstad, M.S. Espedal, and D.E. Keyes, editors, Proceedings of the 9th International Conference on Domain Decomposition, pages 1–11, Bergen, 1998. Domain Decomposition Press.

[BH99] R. Becker and P. Hansbo. A finite element method for domain decompositions with non–matching grids. Preprint 3613, INRIA, Sophia Antipolis, 1999.

[BM95] C. Bernardi and Y. Maday. Raffinement de maillage en elements finis par la methode des joints. C. R. Acad. Sci., 1995. This paper appeared also as a preprint, Laboratoire d’Analyse Numérique, Univ. Pierre et Marie Curie, Paris, R94029, including more details.

[BM97] F. Ben Belgacem and Y. Maday. The mortar element method for three dimensional finite elements. M^2AN, 31:289–302, 1997.

[BM99] F. Brezzi and D. Marini. Error estimates for the three–field formulation with bubble stabilization. Preprint, 1999. submitted.

[BMP93] C. Bernardi, Y. Maday, and A.T. Patera. Domain decomposition by the mortar element method. In H. Kaper et al., editor, In: Asymptotic and numerical methods for partial differential equations with critical parameters, pages 269–286. Reidel, Dordrecht, 1993.

[BMP94] C. Bernardi, Y. Maday, and T. Patera. A new nonconforming approach to domain decomposition: The mortar element method. In Nonlinear Partial Differential Equations and Their Applications. Pitman, 1994.

[BS94] S. Brenner and R. Scott. Mathematical theory of finite element methods. Texts in Applied Mathematics. Springer–Verlag, New York, 1994.

[BS97] D. Braess and R. Sarazin. An efficient smoother for the Stokes problem. Applied Numer. Math., 23:3–19, 1997.

[CW96] M. Casarin and O. Widlund. A hierarchical preconditioner for the mortar finite element method. ETNA, 4:75–88, 1996.

[Dry98a] M. Dryja. An additive Schwarz method for elliptic mortar finite element problems in three dimensions. In P.E. Bjørstad, M.S. Espedal, and D.E. Keyes, editors, Proceedings of the 9th International Conference on Domain Decomposition, pages 88–96, Bergen, 1998. Domain Decomposition Press.

[Dry98b] M. Dryja. An iterative substructuring method for elliptic mortar finite element problems with discontinuous coefficients. In Jan Mandel, Charbel Farhat, and Xiao- Chuan Cai, editors, Proceedings of the 10th International Conference on Domain Decomposition, pages 94–103. AMS, Contemporary Mathematics series, 1998.

[EHI^+97] B. Engelmann, R. Hoppe, Y. Iliash, Y. Kuznetsov, Y. Vassilevski, and B. Wohlmuth. Adaptive finite element methods for domain decompositions on nonmatching grids. 1997. to appear in: Parallel solution of PDEs, IMA, Springer, Berlin–Heidelber– New York.

[EHI^+98] B. Engelmann, R. Hoppe, Y. Iliash, Y. Kuznetsov, Y. Vassilevski, and B. Wohlmuth. Adaptive macro–hybrid finite element methods. In H.G. Bock, F. Brezzi, R. Glowinski, G. Kanschat, Y. Kuznetsov, J. Périaux, and R. Rannacher, editors, Proc. 2nd European Conference on Numerical Methods, pages 294–302. World Scientific, Singapore, 1998.

[GP98] J. Gopalakrishnan and J. Pasciak. Multigrid for the mortar finite element method. to appear in SIAM J. Numer. Anal., 1998.

[Hac85] W. Hackbusch. Multi–Grid Methods and Applications. Springer, 1985. [HIK^+98] R. Hoppe, Y. Iliash, Y. Kuznetsov, Y. Vassilevski, and B. Wohlmuth. Analysis and parallel implementation of adaptive mortar finite element methods. East–West J. of Numer. Math., 6:223–248, 1998.

[Kuz95a] Y. Kuznetsov. Efficient iterative solvers for elliptic finite element problems on nonmatching grids. Russ. J. Numer. Anal. Model., 10:187–211, 1995.

28 B. I. WOHLMUTH AND R. H. KRAUSE

[Kuz95b] Y. Kuznetsov. Iterative solvers for elliptic finite element problems on nonmatching grids. In Proc. Int. Conf. AMCA–95, pages 64–76, Novosibirsk, 1995. NCC publisher.

[Kuz98] Y. Kuznetsov. Overlapping domain decomposition with non–matching grids. In P.E. Bjørstad, M.S. Espedal, and D.E. Keyes, editors, Proceedings of the 9th International Conference on Domain Decomposition, pages 606–617, Bergen, 1998. Domain Decomposition Press.

[KW95] Y. Kuznetsov and M. Wheeler. Optimal order substructuring preconditioners for mixed finite elements on non–matching grids. East–West J. Numer. Math., 3:127–143, 1995.

[Lac98] C. Lacour. Iterative substructuring preconditioners for the mortar finite element method. In P.E. Bjørstad, M.S. Espedal, and D.E. Keyes, editors, Proceedings of the 9th International Conference on Domain Decomposition, pages 406–412, Bergen, 1998. Domain Decomposition Press.

[Nit70] J. Nitsche. Über ein Variationsprinzip zur Lösung von Dirichlet Problemen bei Verwendung von Teilräumen, die keinen Randbedingungen unterworfen sind. Abh. Math. Univ. Hamburg, 36:9–15, 1970.

[SS98] P. Seshaiyer and M. Suri. Convergence results for non–conforming hp methods: The mortar finite element method. In J. Mandel, C. Farhat, and X.-C. Cai, editors, Domain Decomposition Methods 10, Boulder, August 1997, pages 453–459. American Mathematical Society 218, 1998.

[Ste98] R. Stenberg. Mortaring by a method of J.A. Nitsche. In E. Onate S. Idelsohn and E. Dvorkin, editors, Computational Mechanics: New Trends and Applications, Barcelona, 1998. CIMNE.

[Woh97] B. Wohlmuth. Hierarchical a posteriori error estimators for mortar finite element methods with Lagrange multipliers. Preprint 749, Courant Institute of Mathematical Sciences, New York University, 1997. to appear in SIAM J. Numer. Anal.

[Woh98] B. Wohlmuth. A mortar finite element method using dual spaces for the Lagrange multiplier. Preprint 407, Universität Augsburg, 1998. submitted.

[Woh99a] B. Wohlmuth. Domain decomposition methods. Habilitationsschrift, in preparation, 1999.

[Woh99b] B. Wohlmuth. Multigrid methods for saddlepoint problems arising from mortar finite element discretizations. Preprint 413, Universität Augsburg, 1999. submitted.

[WW98] C. Wieners and B. Wohlmuth. The coupling of mixed and conforming finite element discretizations. In Jan Mandel, Charbel Farhat, and Xiao-Chuan Cai, editors, Proceedings of the 10th International Conference on Domain Decomposition, pages 546–553. AMS, Contemporary Mathematics series, 1998.

[WW99] C. Wieners and B. Wohlmuth. A general framework for multigrid methods for mortar finite elements. Preprint 415, Universität Augsburg, 1999. submitted.

[Zul98] W. Zulehner. A class of smoothers for saddle point problems. Technical report, Fakultät Mathematik, Universität Linz, November 1998.