Approximation of time-fractional diffusion with central drift by difference schemes

R. Gorenflo^∗ E-mail:gorenflo@mi.fu-berlin.de

E. A. Abdel-Rehim^† E-mail:entsar@mi.fu-berlin.de Department of Mathematics and Computer Science, Free University of Berlin, Arnimalle 3, D-14195 Berlin, Germany

June 24, 2003

Abstract

By generalization of Ehrenfest’s urn model, we obtain discrete approximations to spacially one-dimentional time fractional diffusion processes with drift towards the origin. These discrete approximations can be interpreted (a) as difference schemes for the relevant time-fractional partial differential equation, (b) as random walk models. The relevant convergence questions as well as the behaviour for time tending to infinity are discussed, and results of numerical case studies are displayed. Mathematics Subject Classification 2000: 26A33, 45K05, 60J60, 60G50, 65N06, 80-99.

Key words and phrases: generalization of Ehrenfest’s urn model, diffusion processes with memory and central drift in a potential well, difference schemes, random walk models, fractional derivative, stocahstic processes.

∗Tel.+49–30–838–75352 Germany †Tel.+49–30–838–75437 Germany

1 Introduction

In recent years there has been growing interest in diffusion in various fields of physics, chemistry, and related sciences. It is well known that the fundamental solution (or Green function) of the classical diffusion (or heat) equation can be interpreted as a Gaussian normal probability density function (pdf) in space evolving in time.

Robert Brown in 1827 was the first interested in diffusion in fluids. He noticed that small particles suspended in fluids perform peculiarly erratic movements. This phenomenon, which can also be observed in gases, is referred to as Brownian motion. It later became clear that Brownian motion is an outward manifestation of the molecular motion postulated by kinetic theory of matter. In 1905 Albert Einstein was the first to develop a satisficatory theory. Then the theory was considerably generalized and extended by Marjan Smoluchowski, Fokker, Planck, Burger,Wiener and others. Einstein considered the case of the free particle that is, a particle on which no forces other than those due to the molecules of the surrounding medium are acting. This motion was modelled by the classical diffusion equation [26] [33],[28] ∂u(x, t) ∂t = a ∂^2u(x, t) ∂x^2 , a > 0 x ∈ R, t > 0 . (1.1) The solution u(x, t) of this equation with the initial condition u(x, 0) = δ(x − ξ) is well known as the corresponding Green function or the fundamental solution. u(x, t) represents the probability density function of a particle being at the point x in the time instant t when it initially (at the time t = 0) is at the point x = ξ: u(x, t) = 1 2 √ πat e^{−(x−ξ)2/(4at)} . Here a is a positive constant depending on the temperature, the friction coefficient, the universal gas constant, and finally on the Avogadro number. The free motion of the particle modelled by Eq.(1.1) has met great interest among mathematicians, physicists, and others, and it has found many generalizations. Approximative random walks of the particle have also been studied by many authors, see for example, [5], [15]. As soon as the theory for the free particle was established, many modifications in order to take into consideration the external outside force were devised. Assuming the external outside forces acting towards the origin x = 0 and being proportional to the distance of the particle from the origin Smoluchowski [26] has shown that Eq.(1.1) should be augmented by a drift term: ∂u(x, t) ∂t = a ∂^2u(x, t) ∂x^2 + ∂ ∂x (bxu(x, t)) , b > 0 . (1.2) Again we assume that the initial condition is u(x, 0) = δ(x − ξ). The solution of this equation is [21], [20], [16] u(x, t) = p(ξ; x, t) = 1 √ 2πσ(t) e^{−(x−m(t))} 2 2σ2 , (1.3) where m(t) = ξ e^{−bt}, σ^2 =^a_b (1 − e^{−2bt}), and a > 0, b > 0. As a more general situation, we consider the equation ∂u(x, t) ∂t = a ∂^2u(x, t) ∂x^2 − ∂ ∂x (F (x)u(x, t)) , a > 0 (1.4)

assuming the force F (x) = −^{dU(x)}_{dx} , U(x) to be defined as a symmetric differentiable potential, increasing for x > 0, U(x) = U(−x). In this general situation of a potential well, the drift is directed towards the origin. We pay special attention to the following examples (with b > 0):

(a) U(x) =^{bx2}_2 , the harmonic diffusive oscillator

(b) U(x) =^{bx4}_4 , the quartic diffusive oscillator,

(c) U(x) = (^{dx2}_2 +^{bx4}_4 ) , d > 0, anharmonic diffusive oscillator,

(d) U(x) =^{bx2m+2}_{(2m+2)} , m = 1, 2, . . . , the strongly non-linear diffusive oscillator.

Therefore, Eq.(1.2) can be interpreted as modelling the diffusion of a particle under the action of the external outside force F (x) = −bx, b > 0.

In this moment, we should mention the work of A. Chechkin et al. [3]. These authors deal with the above forms of the potential well for the diffusion fractional in space, in which^{∂2 u(x,t)}_{∂x2} is replaced by a symmetric fractional (in space) derivative.

In our paper, we consider another important generalization of Eq.(1.2), namely we shall discuss the diffusion fractional in time under various forms of forces. By fractional in time, we mean that the first-order time derivative is replaced by the Caputo derivative of order β ∈ (0, 1]. In this case Eq.(1.2) goes over into ∂^βu(x, t) ∂t^β = a ∂^2u(x, t) ∂x^2 − ∂ ∂x (F (x)u(x, t)) , 0 < β ≤ 1 , a > 0 . (1.5) Here we take (−F (x)) as a differentiable odd function of x, positive for x > 0. The use of the Caputo derivative (see Gorenflo, Mainardi [9], [8], [10], and the appendix) allows us to take in a natural way into account an initial condition u(x, 0) = f(x) and then consider the evolution of u(x, t) for x ∈ R, t > 0.

We shall present a discrete method of solving approximately Eq.( 1.5) with linear drift and, by analogy, give the results for the other types of F (x). We shall devise both explicit and implicit differences schemes for β = 1 and for 0 < β < 1. Then, we shall discuss questions of convergence in particular for t tending to infinity, and compare the result with the continuous stationary solution of Eq.(1.5). Finally, approximating random walks will be simulated and interpreted.

Before proceeding, let us return to Eq.(1.2) with initial condition u(x, 0) =

δ(x − ξ) and its solution Eq.(1.3). Denoting by ⟨x(t)⟩ =^∞ ∫ −∞ xu(x, t)dx the mean position of a corresponding diffusing particle, we see that ⟨x(t)⟩ = m(t) = ξe^{−bt} . (1.6) Now, not going into the details of constructing a solution formula for the more general Eq.(1.5) with F (x) = −bx, u(x, 0) = δ(x − ξ) we remark that we still can calculate the function⟨x(t)⟩. Multiplying Eq.(1.5) by x and integrating over x ∈ R, using the natural properties u(x, t) → 0 and x^nu(x, t) → 0 for all n ≥ 1 as |x| → ∞, we get the initial value problem d^β ⟨x(t)⟩ dt^β = −b⟨x(t)⟩, 0 < β < 1, ⟨x(0)⟩ = ξ , whose solution is (see [11]) ⟨x(t)⟩ = ξE_β (−bt^β ) . (1.7) Here E_β (z) =^∞ ∑ n=0 z^n Γ(1+nβ) is the Mittag-Leffler function (see Vol. 3 of [4]).

It is important to compare the asymptotic behaviour in the cases 0 < β < 1 and β = 1. For β = 1 we have Eq.(1.6), whereas for 0 < β < 1 we have a power-law decay [11] E_β (−bt^β) ≈ sin(βπ) π Γ(β) bt^β , t → ∞, b > 0 . 2 Relation to the Ehrenfest model

We describe a random walk model approximating the diffusion Eq.(1.2) with drift towards the origin. We descretize space and time by a grid {(x_j , t_n) | j ∈ Z , n ∈ N_0 } with x_j = jh, t_n = nτ. Here h > 0, and τ > 0 are the steps in space and in time, respectively. Treating u(x, t) as density of an extensive quantity (like mass, charge, or probability) we want to approximate the collected quantity ∫_{xj +} h_2

x_j −^h_2 u(x, tn) dx present in a spatial cell xj − h 2 < x ≤ x_j +^h_2 at the instant

t = t_n by a clump y^{(n)}_j ,

y^{(n)}_j ≈

∫_{xj +} h_2

x_j −^h_2 u(x, t_n) dx . (2.1) Let us henceforth consider the extensive quantity as probability. Then we will find by symmetric discretization in space and forward differencing in time an approximating random walk model, having the form of an explicit difference scheme

y^{(n+1)} j − y^{(n)}_j τ = a y^{(n)}_{j+1} − 2y^{(n)}_j + y^{(n)}_j h^2 + b 2h ( x_{j+1}y^{(n)}_{j+1} − x_{j−1}y^{(n)}_{j−1} ) , (2.2) which we subject to a scaling relation 0 < μ =^τ_{h2} , as is natural for diffusion problems and is known from numerical analysis, see [25]. Eq.(2.2) is equivalent to the equation

y^{(n+1)} j = γy^{(n)}_j + λ_{j+1}y^{(n)}_{j+1} + ρ_{j−1}y^{(n)}_{j−1} , (2.3)

with

γ = (1 − 2aμ), λ_j = μ(a + j R ), ρ_j = μ(a − j R ) and R = 2a bh^2 . Our intention that Eq.(2.3) should describe a random walk with sojourn probability y^{(n)}_j of a particle being in point x_j at instant t_n (so that Eq.(2.3) describes the transition from instant t_n to t_{n+1}) requires that γ ≥ 0 and all occuring λ_j ≥ 0, ρ_j ≥ 0, hence 0 < μ ≤^1_{2a} and the restriction of the index j to the set (−R, −R + 1, −R + 2, . . . , R − 2, R − 1, R) of integers with the convenient stipulation that R should be a natural number. We then take y^{(n)}_j = 0 for |j| ≥ R + 1. We keep this in mind for all our discrete schemes.

An objection could be raised against this model. Namely whereas in Eq.(1.2) −∞ < x < ∞, we consider Eq.(2.3) by the restriction −R ≤ j ≤ R only in grid points x_j = jh with −Rh ≤ x_j ≤ Rh. However, as usual in the theory of difference schemes we let h → 0 and by the scaling τ = μh^2 also τ → 0. Then Rh =^{2a}_{bh} → ∞, and thus in the limit the whole real axis −∞ < x < ∞ is covered. In this sense the difference scheme Eq.(2.2) with |j| ≤ R is consistent to Eq.(1.2). Now as we have the transition probabilities λ_j , ρ_j , and γ of jumping one step of length h to the left, to the right, or staying in place respectively, being non negative and summing up to 1, i.e., λ_j + ρ_j + γ = 1, we can view our discrete model as a Markov chain with a transition matrix P = (p_{i,j} ) where p_{i,j} = 0 ∀ |i − j| > 1. Let us from now on for ease of writing and without loosing generality assume

a = 1 and b = 1.

Then R =^2_{h2} and the tridiagonal stochastic matrix takes the form

P =

(1 − 2μ) 2μ 0 . . . . . . . . . . . . 0 μ R (1 − 2μ) μ(2 −^1_R ) . . . . . . . . . . . . 0 0^{2μ}_R (1 − 2μ) μ(2 −^2_R ) . . . . . . . . . 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 μ(2 −^2_R ) (1 − 2μ)^{2μ}_R 0 . . . . . . . . . . . . 0 μ(2 −^1_R ) (1 − 2μ)^μ_R . . . . . . . . . . . . 0 0 2μ (1 − 2μ) Eq.(2.3) can be written in the condensed form

y^{(n+1)} = P^T .y^{(n)} , (2.4)

with the column vector, y^{(k)} = {y^{(k)}_{−R}, y^{(k)}_{−R+1}, . . . , y^{(k)}_R }^T , k ∈ N. For the interpretation of y^{(n)} as a vector of probabilities, we require y^{(0)} likewise to be such column vector, namely y^{(0)}_j ≥ 0 and^R ∑ j=−R y^{(0)}_j = 1. Then all y^{(n)} for

n = 1, 2, 3, . . . are non-negative. Furthermore, R∑ j=−R y^{(n)}_j = 1 ∀n ∈ N_0 ,

as is easily shown by induction. Actually, the evolution of y^{(n)} is that of a Markov chain [5] with possible states (x_{−R}, x_{−R+1}, . . . , x_{R−1}, x_R).

We compare this discrete model with the generalized Ehrenfest model described by Vincze [31]. Vincze considers N balls, numbered from 1 to N, k of them in an urn U_1, N − k in an urn U_2. In an urn U_0 there are N + s slips of paper (s ≥ 0) each of them having probability (N + s)^{−1} of being randomly drawn. N of the slips are numbered from 1 to N, the other s slips are not numbered. We repeat indefinitely the following experiment.

We draw a slip from the urn U_0. If it carries a number we move the ball which has the same number from the urn (U_1 or U_2) in which it is lying to the other urn (U_2 or U_1). If the slip is not numbered, we leave the ball in its urn. Then we put the slip back into the urn U_0.

If we record the states as the number of balls in the urn U_1, then there are three probabilities:^k_{N+s} for the next state to be k − 1,^{N−k}_{N+s} for the next state to be k + 1, and finally^s_{N+s} for the next state to be k again. In the special case (s = 0) we have the classical Ehrenfest model described by many authors (see [23], [15],[1], [7], [29], and [2]). In other words, if x^{(s)}_n = k is the number of balls in urn U_1 after n steps, then the transition probabilities are

q_{k,k} = P (x^{(s)}_{n+1} = k|x^{(s)}_n = k) =^s_{s+N} , k = 0, 1, . . . , N ,

q_{k,k−1} = P (x^{(s)}_{n+1} = k − 1|x^{(s)}n = k) =^k_{s+N} , k = 1, 2, . . . , N ,

q_{k,k+1} = P (x^{(s)}_{n+1} = k + 1|x^{(s)}_n = k) =^{N−k}_{s+N} , k = 0, 1, 2, . . . , N − 1 , and q_{k,k} + q_{k,k−1} + p_{k,k+1} = 1 ∀k = 0, 1, 2, . . . , N , q_{k,k±j} = 0 ∀j > 1 . This model is also called the modified Ehrenfest model. In the special case s = 0, its states can only change by moving one ball from U_1 to U_2 with the probability (q_{k,k−1}) or to move one ball from U_2 to U_1 with the probability (q_{k,k+1}). In the general case s ≥ 0 the transition probabilities q_{i,j} , 0 ≤ i ≤ N, 0 ≤ j ≤ N form a tridiagonal stochastic matrix

Q_s =

s s+N 1 −^s_{s+N} 0 . . . . . . . . . . . . 0 1 s+N s s+N 1 −^{s+1}_{s+N} . . . . . . . . . . . . 0 0^2_{s+N}^s_{s+N} 1 −^{s+2}_{s+N} . . . . . . . . . 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0^{N−2}_{s+N}^s_{s+N} 1 −^{s+N−2}_{s+N} 0 . . . . . . . . . . . . 0^{N−1}_{s+N}^s_{s+N} 1 −^{s+N−1}_{s+N} . . . . . . . . . . . . 0 0^N_{s+N}^s_{s+N}

.

This matrix coincides with the matrix P , if N is an even number (i.e.N ∈ 2N), R =^N_2 and μ =^N_{2(s+N)} . The position x = 0 corresponds to N/2 balls in U_1, the position x = Rh to N balls in urn U_1, and the position x = −Rh to 0 balls in urn U_1. Let us denote the probability for finding k balls in urn U_1 after n steps by q^{(n)}_k , n = 0, 1, 2, 3, · · · . Then

q^{(n+1)} k = q^{(n)}_{k−1} N − k + 1 s + N + q^{(n)}_k s s + N + q^{(n)}_{k+1} k + 1 s + N , k = 0, 1, . . . , N − 1 . (2.5) This equation can be interpreted as a discrete approximation to a diffusion process with central force. It seems that Schrödinger and Kohlrausch were the first to point out the connection between the discrete Ehrenfest model and Brownian motion of an elastically bound particle. Smoluchowski [26] showed that this model approximates the partial differential Eq.(1.2). This equation describes also the so called Ornstein-Uhlenbeck process [28].

Note the following: In the sense of the urn model s should be an integer, however for Eq.(2.5)to describe a Markov chain, s is only required to be a nonnegative real number.

3 Discrete approximation of the time fractional diffusion with central linear drift

In this section we will consider the approximate solution of the Eq.(1.5) with F (x) = −bx obtained by discretizing it by the explicit finite-difference method.

D_{τ ∗}^β y^{(n+1)}_j = a y^{(n)}_{j+1} − 2y^{(n)}_j + y^{(n)}_{j−1} h^2 + b 2h (x_{j+1}y^{(n)}_{j+1} − x_{j−1}y^{(n)}_{j−1}) , 0 < β ≤ 1 . (3.1) We restrict here R =^{2a}_{bh2} , as in Section 2, and the index j to the range (−R, −R+ 1, −R + 2, . . . , R − 2, R − 1, R), adjusting the spatial step h so that R ∈ N. We complement Eq.(3.1) by prescribing the non-negative initial values y^{(0)}_j obeying R∑ j=−R y^{(0)}_j = 1, and for convenience, all y^{(n)}_j = 0 for |j| ≥ R + 1, n = 0, 1, 2, . . . .

In Eq.(3.1) the difference operator D_{τ ∗}^β denotes the discretization of the Caputo time derivative (see the Appendix, [12], [19], [22] and [18]). For β = 1, Eq.(3.1) is reduced to Eq.(1.2). For discretizing the Caputo time derivative, we use, as in [13] a backward Grünwald- Letnikov scheme in time (starting at level t = t_{n+1}) which reads

D_{τ ∗}^β y^{(n+1)}_j = n+1∑ k=0 (−1)^k ( β k ) y^{(n+1−k)} j − y^{(0)}_j τ^β , 0 < β ≤ 1 . (3.2)

Observe that D_{τ ∗}^1 y^{(n+1)}_j =^1_τ ( y^{(n+1)} j − y^{(n)}_j ) . Note that in case of sufficient smoothness the scheme(3.1) has order of accurecy O(h^2 + τ). By introducing the scaling parameter μ = τ^β h^2 , 0 < μ ≤ β 2 , (3.3)

and solving Eq.(3.2) for y^{(n+1)}_j , −R ≤ j ≤ R, we get

y^{(n+1)} j = n∑ k=0 (−1)^k ( β k ) y^{(0)}_j + n∑ k=1 (−1)^{k+1} ( β k ) y^{(n+1−k)} j + y^{(n)}_{j+1} [μ + μh^2 2 (j + 1)] − 2μy^{(n)}_j + y^{(n)}_{j−1} [μ − μh^2 2 (j − 1)] . (3.4)

Again y^{(n+1)} represents the probability column vector for where to find the particle at the time instant t_{n+1}. It depends on y^{(n)}_{j−1}, y^{(n)}_j , y^{(n)}_{j+1}, y^{(n−1)}_j ,. . . , and back to y^{(0)}_j . This model, having the form of an explicit difference scheme, can be interpreted as a random walk with memory. Let

b_n = n∑ k=0 (−1)^k ( β k ) , n = 0, 1, 2, . . . ; c_k = (−1)^{k+1} ( β k ) , k = 1, 2, . . . .

Then b_0 = 1, and all c_k ≥ 0, b_n ≥ 0,^∞ ∑ k=1 c_k = 1. In the case 0 < β < 1 (see [10],

[12]) we have c_1 = β > c_2 > c_3 > . . . , and finally the relation

b_n + n∑ k=1 c_k = 1 . (3.5)

By aid of the coefficients b_n and c_k in Eq.(3.4) the expression n∑ k=1 c_ky^{(n+1−k)} j + b_ny^{(0)}_j ,

represents the dependence on the past (the memory part) and the expression

y^{(n)}_{j+1}[μ + μh^2 2 (j + 1)] − 2μy^{(n)}_j + y^{(n)}_{j−1} [μ − μh^2 2 (j − 1)] ,

represents the diffusion part, the particle going one step to the right or one step to the left or remaining in its position. For β = 1, all these coefficients will vanish and we have the natural discretization of Eq.(1.2). In Eq.(3.4), y^{(n+1)}_j represents the probability of finding the position of the particle at point x_j at the time instant t_{n+1}. Therefore y^{(n+1)}_j must be non-negative because as initial probabilities all y^{(0)}_j ≥ 0 , and the summation of y^{(n)}_j over the index j at any time t_n must give one. In other words, we want

s_n = R∑ j=−R y^{(n)}_j = 1 ∀n ∈ N .

We prove that this holds by induction. It is true for the initial index n = 0. So, as b_0 = 1, then

y^{(1)}_j = (1 − 2μ)y^{(0)}_j + y^{(0)}_{j+1}[μ + μh^2 2 (j + 1)] + y^{(0)}_{j−1} [μ − μh^2 2 (j − 1)] . (3.6)

Assuming 0 < μ ≤ β/2 and taking the stochastic matrix P , as in Section 2, we represent this equation in matrix-vector form:

y^{(1)} = P^T .y^{(0)} . (3.7)

Now, summing both sides of Eq.(3.6) over j from −R to R, we get

s_1 = (1 − 2μ)s_0 + μs_0 + ∑ j j + 1 R y^{(0)}_{j+1} + μs_0 − ∑ j j − 1 R y^{(0)}_{j−1} = s_0 .

For n = 1:

y^{(2)}_j = b_1y^{(0)}_j + (c_1 − 2μ)y^{(1)}_j + y^{(1)}_{j+1}[μ + μh^2 2 (j + 1)] + y^{(1)}_{j−1}[μ − μh^2 2 (j − 1)] .

Here the dependence on the past appears and by the summation we get

s_2 = b_1s_0 + (c_1 − 2μ)s_1 + μs_1 + ∑ j j + 1 R y^{(1)}_{j+1} + μs_1 − ∑ j j − 1 R y^{(1)}_{j−1} ,

and because of b_1 + c_1 = 1, s_1 = s_0 we obtain s_2 = s_0. Now assuming that s_n = 1, n ≥ 2, then to prove that s_{n+1} = 1, we write Eq.(3.4)in the form

y^{(n+1)} j = b_ny^{(0)}_j + n∑ k=1 c_ky^{(n+1−k)} j − 2μy^{(n)}_j + + μ ( 1 + j + 1 R ) y^{(n)}_{j+1} + μ ( 1 − j − 1 R ) y^{(n)}_{j−1} . (3.8)

Summing here over j at both sides and using the relation (3.5), we get s_{n+1} = 1. So far, we have proved that our difference scheme is conservative and non negative inspite of its dependence on the past. In fact, y^{(n+1)}_j is a linear combination of all y^{(k)}_j with −R ≤ j ≤ R, 0 ≤ k ≤ n, with coefficients whose sum is 1.

3.1 The solution of the explicit difference scheme

Let us now, in preparation of the next section, treat Eq.(3.4) in a matrix-vector notation. Therfore we must proceed in two steps, considering the step from n to n + 1, separately for n = 0 and n ≥ 1. For n = 0, transposing the matrix Eq.(3.7) and adopting the notation

(y^{(n)})^T = z^{(n)} ∀n ∈ N , z^{(n)} = (z^{(n)}_{−R}, z^{(n)}_{−R+1}, . . . , z^{(n)}_R ) , we find z^{(1)} = z^{(0)}.P . (3.9)

Here P is the stochastic matrix defined in Section 2 whose rows sum to one and z^{(n)} is a row vector. It is convienent to write P in the form P = I + μH , with I a unit matrix and H a matrix whose rows sum to zero:

H =

−2 2 0 . . . . . . . . . . . . 0 1 R −2 (2 −^1_R ) . . . . . . . . . . . . 0 0^2_R −2 (2 −^2_R ) . . . . . . . . . 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 (2 −^2_R ) −2^2_R 0 . . . . . . . . . . . . 0 (2 −^1_R ) −2^1_R . . . . . . . . . . . . . . . 0 2 −2

.

Now, for n ≥ 1, we define the matrix Q = c_1I + μH , and write equation(3.4) as z^{(n+1)} = b_nz^{(0)} + n∑ k=2 c_kz^{(n+1−k)} + z^{(n)}.Q . (3.10)

Observe that the matrix Q is stochastic only if c_1 = 1 which is equivalent to β = 1. The restriction for μ in Eq.(3.3) implies that Q is non negative.

4 The implicit scheme (Θ-method)

The idea of the θ- method (also known as the weighted method) is to replace y^{(n)}_j in the right hand side of Eq.(3.1) by (θy^{(n+1)}_j +(1−θ)y^{(n)}_j ) where 0 < θ ≤ 1. With θ = 0, we have the explicit scheme. Again, we shall discuss separately the cases n = 0 and n ≥ 1. For convenience, we set θ̄ = (1 − θ). For n = 0, we rewrite Eq.(3.9) in the form

z^{(1)}.(I − μθH) = z^{(0)}.(I + μθ̄H) . (4.1)

Then z^{(1)} = z^{(0)}.(I + μθ̄H).(I − μθH)^{−1} . (4.2)

We want the matrix P_θ = (I + μθ̄H).(I − μθH)^{−1} to be a stochastic matrix. This wish leads us to conditions for μ depending on θ. First, P_θ must be nonnegative. Obviously, (I − μθH) is a strictly diagonally dominant M-matrix, hence its inverse is non-negative. (I + μθ̄H) is non-negative if (1 − 2μθ̄) ≥ 0. So we arrive, with r = 1 (below to be modified to r = β), at the conditions [14], [30] 0 < μ ≤ r/2 if θ = 0 , 0 < μ ≤ r 2(1 − θ) if 0 < θ < 1 , 0 < μ < ∞ if θ = 1 .

Second, the rows of P_θ must sum to 1. So, we require P_θ. η = η, with the column vector η all of whose 2R + 1 components have the value 1, i.e., η = (1, 1, . . . , 1)^T . Since the rows of H are all summing to zero, we have (H.η = 0). This leads to (I − μθH).η = η and (I + μθ̄H).η = η. Therefore η = (I + μθ̄H).η = (I + μθ̄H).(I − μθH).η = P_θ.η . Now, we shall prove ∑ j y^{(n)}_j = 1 ∀n which is equivalent to ∑ j z^{(n)}_j = 1 ∀n.

To this purpose, we shall use the following rule: w = (w_1, w_2, · · · )^T is a probability column vector iff w_i ≥ 0, i = 1, 2, · · · and w^T .η = 1.

Now, we know that (I − μθH)^{−1} and P_θ are stochastic matrices. Hence z^{(0)}.η = 1 and hence Eq.(4.2) implies that z^{(1)}.η = z^{(0)}.(P_θ.η) = z^{(0)}.η = 1, Hence the desired relation is true for n = 0. For n ≥ 1, let us rewrite Eq.(3.10) as z^{(n+1)} = b_nz^{(0)} + n∑ k=1 c_kz^{(n+1−k)} + μ z^{(n)}.H . (4.3)

Replacing z^{(n)} in (μz^{(n)}.H) by (θz^{(n+1)} + θ̄z^{(n)}) and solving for z^{(n+1)} gives

z^{(n+1)} = [ b_nz^{(0)} + n∑ k=1 c_kz^{(n+1−k)} + μ θ̄ z^{(n)}.H ] . [I − μθH]^{−1} . (4.4)

Here (I − μθH)^{−1} is a non-negative matrix and also all b_n and c_k are also nonnegative. The consideration of the index k = 1 in Eq. (4.4) however, forces us to sharpen our restriction on μ by taking r = β = c_1. Hence, assuming ∑ j z^{(n)}_j = 1 (i.e., z^{(n)}.η = 1 ), then multiplying each side of Eq.(4.4) by η, and

using the important Eq.(3.5), we get z^{(n+1)}.η = 1. Thus, z^{(n+1)} is a probability row vector. So the relation (z^{(n)}.η = 1) is true for all values of n. As a matter of fact, the implicit scheme allows us to predict the future faster than the explict scheme, because μ and τ depend on each other by the scaling relation (3.3) and the bound for μ is increasing (up to ∞ ) if θ is increasing from 0 to 1.

5 The convergence to the stationary solution of the model

Both Vincze, Fritz and Kac (see [31], [6] and [15]) showed that the elements of the iterated stochastic matrix Q^n_s of the generalized discrete Ehrenfest model (urn model) converge to the binomial distribution at n → ∞. This means:

lim_{n→∞} Q^n_s = p_0 p_1 . . . p_N . . . . . . p_0 p_1 . . . p_N with p_k = 2^{−N} ( N k ) , k = 0, 1, . . . , N , exists. N is the total number of balls. The vector p = {p_0, . . . , p_N } satisfying N∑ k=0 p_k = 1 represents the stationary distribution of the Markov chain whose

matrix is Q_s(see Section 2).

Both the probability of finding k balls in the urn U_1 after n+1 steps equation (2.5) and the probability of finding the particle at the point x_j at the time instant t_{n+1} Eq.(2.3) are interpreted as the discrete approximation to a diffusion with central linear force. Therefore, by taking the limit as Rh → ∞ in Eq.(2.3), it can be represented as the partial differential Eq.(1.2) [26]. Since, the stochastic matrix P representing the random walk approach of equation (2.3) and the stochastic matrix Q_s representing the random walk approach of equation (2.5) are related to each other by some relations (see section 2), then the matrix P has a similar limit as n → ∞. So far, to show the behaviour of this model represented by Eq.(1.2) as t → ∞ (i.e., for β = 1), We form a vector ȳ with components

ȳ_j = 2^{−2R} ( 2R j + R ) , −R ≤ j ≤ R , (5.1) and a sequence of numbers q = {q(t_1, q(t_2), · · · }, where 0 < t_1 < t_2 < · · · → ∞. The number q(t_i) is defined as

q(t_i) = R∑ j=−R |y_j (t_i) − ȳ_j | , i = 1, 2, . . . . (5.2)

The iteration index n is calculated from the relation nτ = t_i, t_i = 1, 2, · · · → ∞ while τ is calculated from the scaling parameter (3.3). The simulation of the vector q shows that it approximates an exponential function q ≈ c e^{−at} , (5.3) where a and c are constants and a is called the rate of exponential convergence. Such exponential convergence is a general property of an ergodic Markov chain (see Feller [5]). The numerical estimation of a shows that a tends to 1 as t tends to infinity.

For estimating the convergence as 0 < β < 1, i.e. for the non Markovian chain and under the action of the other types of forces (b), (c) and (d), defined in Section 1, we shall apply the more general method for calculating the discrete stationary solution of Eq.(1.5). This is made by omitting the dependence on the time. First, for 0 < β < 1 and F (x) = −x, we shall omit the dependence on the time at Eq.(4.3). To this purpose, we replace all the indices(n + 1), (0) and (n + 1 − k) by simply (n). Then Eq.(4.3) converges to z.H = 0 which is equivalent to H^T .y = 0. The last matrix equation is valid for both β = 1 and 0 < β < 1 and it has an eigenvector y^∗ of eigenvalue zero. From the properties of the matrices, we can construct a vector ȳ such that ȳ = cy^∗, and the constant

c is obtained from the relation c = 1/^R ∑ j=−R y^∗_j . By this normalization, we obtain

a normalized vector ȳ whose elements sum to 1 and its elements are the same as in Eq.(5.1). Again, we construct a sequence of numbers

d = {d(t_1), d(t_2), . . . } , (5.4)

as in Eq.(5.2). The numerical estimation of the sequence d shows that it behaves as the behaviour of the vector q (Eq.(5.3) for β = 1).The simulation of the sequence d equation (5.4) for 0 < β < 1 shows that it approximates a power function d ≈ c t^{−ω} , (5.5) where c and ω are also constants and ω is called the rate of algebric convergence. The numerical estimation shows that ω tends to β faster than in the case β = 1. The implicit scheme allows us to calculate the vector d so fast because the number of steps in this case is less than that of the explicit scheme. For estimating the convegence of the model under the action of the cubic function F (x) = −x^3, we apply the same method. The only difference is that we replace the transition probabilities ρ_j and λ_j constituting the matrix P by

ρ^′_j = μ(1 − j^3 R^3

) , λ^′_j = μ((1 + j^3 R^3

) , (5.6)

with −R ≤ j ≤ R and R = (^2_{h4} )^{1/3}. The probability γ of the particle to its position remains unchanged. The elements q_i and d_i are so small, so that we shall plot their logarithms against t. By using the relation (2.1), we find that the vector ȳ/h approximates the normalized exact analytic solution u(x) of the stationary equation of the model (i.e., as t → ∞). To obtain the stationary solution, we replace u(x, t) by u(x) in Eqs.(1.2 and 1.5). That means, we omit the dependence on the time t . In Eq.(1.5) the fractional time derivative^{∂β u(x,t)}_{∂tβ} is the Caputo fractional derivative (see the appendix). The Caputo fractional derivative of a constant is zero. Then Eq.(1.5) as well as Eq.(1.2) tends to the equation ∂^2u(x) ∂x^2 − ∂ (F (x)u(x)) ∂x = 0 , (5.7)

as t → ∞ whose solution is

u(x) = C e^{−U(x)} , (5.8)

C being the constant of integration. Since u(x) represents a probability density function, we can determine the constant C from the normalization condition +∞∫ −∞ u(x)dx = 1. Therefore,the solution of the stationary Eq.(1.5) for a linear

force −x is u(x) = 1 √ 2π e^{−x2/2} , (5.9) and the stationary solution for the cubic force −x^3 is u(x) = √ 2 Γ(1/4) e^{−x4/4} . (5.10)

6 Random walk simulation

We now discuss the discrete random walk model of the elastically bound particle (diffusion under the action of the force −x, namely the generalized Ehrenfest model). We shall discuss this model separately for β = 1 and for 0 < β < 1 to see the effect of the memory part. Firstly,we shall discuss the case β = 1, namely Eq.(1.2) considered as a Markov chain. If we assume that the particle is sitting at the point x_j at the time instant t_n, then as the time proceeds to the instant t_{n+1} the particle jumps either to the point x_{j−1} with probability λ_j , x_{j+1} with probability ρ_j , or remains in its position with probability γ. The transition probabilities λ_j , ρ_j , and γ are defined in section 2. The past history before the instant t_n is completely forgotten. The sketch of transitions of this case is at Fig. [31].

In the case 0 < β < 1 we must keep in mind the whole past history of the wandering particle. Its history consists of its positions at the times t_0, t_1, · · · and up to t_n. That means, the path of the particle is x_j (t_o), x_j (t_1), . . . , x_j (t_n). The initial position of the particle x_j (t_0) may be any grid point inside the interval [−Rh, Rh]. As we have done in the previous sections, we shall distinguish the cases corresponding to n = 0 and n ≥ 1 in the simulation. For n = 0, the random walk of the Eq.(3.6) is Markov-like. For n ≥ 1, we rewrite Eq.(3.8) in the form

y^{(n+1)} j = ( 1 − n∑ k=1 c_k ) y^{(0)}_j + c_ny^{(1)}_j + c_{n−1}y^{(2)}_j + · · · + c_2y^{n−1}_j

+ (c_1 − 2μ)y^{(n)}_j + μ ( 1 + j + 1 R ) y^{(n)}_{j+1} + μ ( 1 − j − 1 R ) y^{(n)}_{j−1} (6.1)

Clearly all the coefficients c_1, c_2, . . . , c_n, (1 −^n ∑ k=1 c_k) are non-negative. The

idea of simulation is analogous to that of [13]. Assuming the particle sitting at the grid point x_j ∈ [−Rh, Rh] at instant t_n, n ≥ 1, then its position at the

next instant t_{n+1} is obtained as follows. We set s_k =^k ∑ i=1 c_i for k = 1, 2, . . . , n and generate a uniformly in [0, 1) distributed random number u. Then we test successively into which one of the intervals [0, s_1), [s_1, s_2), [s_2, s_3), . . . , [s_n, 1) u falls. The length of these intervals are respectively c_1, c_2, . . . , c_n and b_n = 1−s_n. We subdivide the first interval ([0, s_1) = [0, c_1)) into three sub-intervals of lengthsλ_j , γ^′ and ρ_j where γ^′ = (c_1−2μ). Now if u ∈ [0, c_1), we move the particle from its position x(t_n) = x_j to the point x_{j−1}, x_j or x_{j+1} depending on whether u is in the subinterval of length λ_j , γ^′ or ρ_j , respectively. If u ∈ [s_{k−1}, s_k) with

2 ≤ k ≤ n, we move the particle from its position x(t_n) back to its previous position x(t_{n+1−k} ). In the case u ∈ [s_n, 1) we move it back to its initial position x(t_0) = x(0). The diagram of transitions is given in Section 8 (Fig.[ 32]).

For the actual simulations let us note the following: for a more general force F (x), we must replace the term^b_{2h} ( x_{j+1}y^{(n)}_{j+1} − x_{j−1}y^{(n)}_{j−1} ) in Eqs.[(2.2) and

(3.1)] by^{−1}_{2h} ( F (x_{j+1})y^{(n)}_{j+1} − F (x_{j−1})y^{(n)}_{j−1} ) and take into account all the other resulting changes in discretization.

7 Conclusion

The explicit difference scheme for the classical diffusion equation^{∂u}_{∂t} =^{∂2 u}_{∂x2} can as is well known not only be used for approximating the density u(x, t) but allows also re-interpretation and use as a random walk model for approximate simulation of the path of a particle whose sojourn probabilitiy density is u(x, t). Analogous two-fold interpretation of explicit and implicit difference schemes is possible for various types of fractional diffusion problems. If fractionality is in the time variable then the difference scheme takes account of the whole past and consequently its stochastic interpretation yields a backword-oriented random walk in which the whole past history of a particle influences its future (in contrast to forward-oriented continuous or discrete time random walk in which after each jump the past is forgotten). We have here worked out the corresponding theory for time-fractional diffusion with symmetric drift towards the spatial origin and have shown its applicability by carrying out numerical case studies, for both possible uses of the difference schemes.

8 Numerical results

Figures [1-3] correspond to the explicit scheme for F (x) = −x and y^{(0)} = {0, · · · , 1, · · · , 0}, the case where the particle starts its random walk at x = 0. Figures [4-6] correspond to the explicit scheme for F (x) = −x and y^{(0)} = {^1_{2R+1} , · · · ,^1_{2R+1} , · · · ,^1_{2R+1} }. Figures [7-11] correspond to the implicit scheme for F (x) = −x and y^{(0)} = {0, · · · , 1, · · · , 0}. Figures [12-14] correspond to the implicit scheme for F (x) = −x and y^{(0)} = {0, · · · , 0, 1}. Figures [15,16] illustrate the convergence as f(x) = −x and y^{(0)} = {0, · · · , 1, · · · , 0}. In these figures we have plotted log d against time t. Figures [17,18] show the approximate stationary solution and the approximate solution of the model of linear force.

Figures [19,20] correspond to the explicit scheme for F (x) = −x^3 and y^{(0)} = {0, · · · , 0, 1}. Figures [21,22] correspond to the implicit scheme for F (x) = −x^3 and y^{(0)} = {0, · · · , 1, · · · , 0}. Figures [23,24] illustrate the convergence of the model for F (x) = −x^3 and y^{(0)} = {0, · · · , 1, · · · , 0}. We have plotted log d against time t. Figures [25,26] show the approximate stationary solution and the stationary analytic solution of the model for the cubic force F (x) = −x^3. Figures [27-30] exhibit the simulation of the random walk and its increments for F (x) = −x and x(0) = 0 for β = 1 and 0 < β < 1. In these figures, we have plotted x or Δx against the number of steps n. The results of all these figures are taken for R = 10. Observe the conspicuous flatness of the stationary solution as x = 0 in the case of the cubic force −x^3 in contrast to its form in the case of the linear force −x.

Figure 1: Figure 2:

Figure 3: Figure 4:

Figure 5: Figure 6:

Figure 7: Figure 8:

Figure 9: Figure 10:

Figure 11: Figure 12:

Figure 13: Figure 14:

Figure 15: Figure 16:

Figure 17: Figure 18:

Figure 19: Figure 20:

Figure 21: Figure 22:

Figure 23: Figure 24:

Figure 25: Figure 26:

Figure 27: Figure 28:

Figure 29: Figure 30:

x_j t = t_n x_{j−1}

λ_j x_j

γ x_{j+1}

ρ_j t = t_{n+1}

Figure 31 : The transition diagram of the possible jumps for β = 1 x(t_{n+1−k}) c_k

b_n x(t_0) x(t_n) x(t_{n+1}) = x(t_n) − h λ_j x(t_{n+1}) = x(t_n) γ^′ x(t_{n+1}) = x(t_n) + h ρ_j

Figure 32 : The transition diagram of the possible jumps for 0 < β < 1

A Important definitions

For the purpose of this paper,we use the Riemann-Liouville fractional derivative of order β > 0 with 0 < β ≤ 1 for a function f(t) given in the interval [0, b], b < ∞, defined for t > 0 by the expressions (see [22], [11], [18] and [19]).

(D^β f)(t) =

{_1 Γ(1−β) d dt ∫_t 0 f (τ ) (t−τ )^β dτ , 0 < β < 1 df (t) dt , β = 1 . (A.1)

We refer the readers to the books [18], [19] and [22] for the general theory of fractional derivatives and integrals. The Riemann-Liouville fractional integral of order β > 0 is defined as

J^β f(t) = 1 Γ(β) ∫_t 0 (t − τ)^{(β−1)}f(τ)dτ , t > 0, β ∈ R^+ . (A.2) The alternative fractional derivative operator(see [11]) is the Caputo fractional derivative of order 0 < β < 1.

(D^β_∗ f)(t) =

{_1 Γ(1−β) ∫_t 0 f̀ (τ ) (t−τ )^β dτ , 0 < β < 1 df (t) dt , β = 1 . (A.3)

This definition is more restrictive than (A.1), and it is instructive to mention the relation between the Riemann-Liouville fractional derivative and integral operators and the Caputo fractional derivative D^β_∗ f(t) = J^{1−β}D^1f(t) , 0 < β < 1. Whereas, the Riemann-Liouville fractional derivative and integral operators satisfy the equation D^β f(t) = D^1J^{1−β} f(t) , 0 < β ≤ 1 with D^1 =^d_{dt} , we have, if 0 < β < 1,

(D^β_∗ f)(t) = D^β [f(t) − f(0^+)] = D^β f(t) − f(0)t^{−β} Γ(1 − β)

. (A.4)

In Eq. (1.5) we have written^{∂β}_{∂tβ} in place of D^β_∗ for reasons of notational

analogy to^∂_{∂t} . Eq.(A.4) represents the relation between the Riemann-Liouville and Caputo fractional derivative and the dependence on the initial value f(0). It is important for solving fractional differential equations with prescribed initial values. Finally, since D^β t^μ =^{Γ(μ+1)}_{Γ(μ+1−β)} t^{μ−β} , β ≥ 0 , μ ≥ 0, the Riemann- Liouville fractional derivative of a constant is not zero, but the Caputo fractional derivative of a constant is zero.

Let us now give some information on the Grünwald-Letnikov approximation of fractional derivatives. For more details, see [22], [18], [19] and [32]. For a sufficiently smooth function, defined and bounded on the whole real line, we have

f^{(β)}(x) = lim_{h→0+}

(Δ^β_h f)(x) h^β , β > 0 , (A.5)

where (Δ^β_hf)(x) = ∑_∞ k=0 (_β k ) f(x − kh). With the binomial coefficients (_β k ) this series converges absolutely and uniformally for each β > 0 and for every sufficiently smooth bounded function. Eq.(A.5) is called the Grünwald-Letnikov fractional derivative of order β > 0 on the whole line. Grünwald-Letnikov defined also the fractional difference of order β > 0 on a finite interval as

(Δ^β_hf)(x) = x−a h∑ k=0 (−1)^k ( β k ) f(x − kh) , h = x − a n , n ∈ N . (A.6) Here a ≤ x ≤ b, and f(x) is defined only in the interval [a, b] , b > a. Then, f^{(β)}(x) = lim_{h→0}+^1_{hβ} (Δ^β_hf)(x) is used as reason for our discretization.

Acknowledgement The authors appreciate support from the Research Commision of Free University of Berlin ( Project ”Convolutions”) and partial support from the INTAS project 00-0847. The second named author is grateful for the grant provided by the government of Arab Republic of Egypt. Finally, both authors thank an anonymous referee for helpful suggestions.

References

[1] N. H. Bingham, Fluctuation theory for the Ehrenfest urn, Adv. Appl. Prob.

23, 598–611(1991).

[2] G. Blom, Mean transition times for the Ehrenfest urn model, Adv. Appl.

Prob.21, 479–480(1989).

[3] A. Chechechkin, V. Gonchar, J. Klafter, R. Metzler, L. Tanatarov, Stationary states of non-linear oscillators driven by Lévy noise, Chemical Physics 284, 233–251(2002).

[4] A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi: Higher Transcendental Functions, Bateman Project, Vols. 1-3, McGraw-Hill, New York, 1953–1955.

[5] Feller, William: An Introduction to Probability Theory and its Applications, vol.1 (3rd ed.) New York, London, Sydney, 1968.

[6] F.-J. Fritz, B. Huppert, and W. Willems: Stochastische Matrizen, Springer- Verlag, Berlin, Heidelberg, New York, 1979.

[7] C. Godrèche and J. M. Luck, Correlation and response in the backgammon model:

the Ehrenfest legacy, J. Phys. A: Math. Gen. 32,6033–6054(1999).

[8] R. Gorenflo and F. Mainardi, Approximation of Lévy- Feller diffusion by random walk,J. for Analysis and its Applications(ZAA) 18, 231–146 (1999).

[9] R. Gorenflo and F. Mainardi, Random walk models for space-fractional diffusion processes, Fractional Calculus and Applied Analysis 1, 167–191(1998).

[10] R. Gorenflo and F. Mainardi, Random walk models approximating symmetric space-fractional diffusion processes, in: J. Elschner, I. Gohberg and B. Silbermann (Editors), Problems in Mathematical Physics,Birkhäuser Verlag, Basel, 2001, pp. 120-145.

[11] R. Gorenflo and F. Mainardi, Fractional calculus: integral and differential equations of fractional order, in: A. Carpinteri and F. Mainardi (Editors).Fractals and Fractional Calculus in Continuum Mechanics, Springer Verlag, Wien and New York, 1997, pp. 223-276. [Reprinted in News 010101, see hhtp://www.fracalmo.org]

[12] R. Gorenflo,F. Mainardi, D. Moretti, and P. Paradisi, Time-fractional diffusion:

a discrete random walk approach, Nonlinear Dynamics 29, 129–143(2002).

[13] R. Gorenflo, F. Mainardi, D. Moretti, G. Pagnini, and P. Paradisi, Discrete random walk models for space-time fractional diffusion, Chemical Physics 284, 521– 541 (2002).

[14] R. Gorenflo and Marianne Niedack, Conservative difference Schemes for diffusion problems with boundary and interface conditions,Computing 25, 299–316 (1980).

[15] M. Kac, Random walk and the theory of Brownian motion, Amer. Math. Monthly 54, 369–391(1947).

[16] N. G. Van. Kampen, Stochastic Processes in Physics and Chemistry, North- Holland Publishing Company, Amsterdam, New York, Oxford, 1981.

[17] R. Metzler, J. Klafter and I. M. Sokolov, Anomalous transport and external fields: continuous time random walks and fractional diffusion equations extended, Physical Review E 58(2), 1621–1633(1998).

[18] K.S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, John WilySons, INC., New York, Chichester, Brisbane, Toronto, Singapore,1993.

[19] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, Boston, New York, London, Sydney, Tokyo, Toronto, 1999.

[20] N. U. Prabhu, Stochastic Processes (Basic Theory and its Applications), The Macmillan Company, New York, Collier-Macmillan Limited London, 1965.

[21] H. Risken, The Fokker-Planck Equation (Methods of Solution and Applications) (2nd ed.), Springer-Verlag, Berlin, Heidelberg,1989.

[22] S. G. Samko, A. A. Kilbas, and O. I. Marichev: Fractional Integrals and Derivatives(Theory and Applications),Gordon and Breach, New York, London, and Paris, 1993. Translated from the Russian edition, Minsk 1987.

[23] K. Samuel and J. Mc Gregor: Ehrenfest urn models. J. Appl. Prob. 2, 352– 376(1965).

[24] W. R. Schneider and W.Wyss, Fractional diffusion and wave equations, J. Math.

Phys. 30(1), 134–144(1989).

[25] G. D. Smith, Numerical Solution of Partial Differential Equations with Exercises and Worked Solutions, London Oxford University Press, New York, Toronto, 1965.

[26] Smoluchowski, Drei Vortrage über Diffusion, Brownsche Molekularbewegung und Koagulation von Kolloidteilchen, Phys. Zeit. 17, 557–571 and 585–599(1916).

[27] I. M. Sokolov, J. Klafter, and A. Blumen, Fractional kinetics, Physics Today 55, 48–54, November (2002).

[28] G.E. Uhlenbeck and L. S. Ornstein, On the theory of Brownian motion, Phys.

Rev. 36, 823–841(1930).

[29] K. W. H. Van Beek and A. J. Stam, A Variant of the Ehrenfest model, Adv.

Appl. Prob. 19, 995–996(1987).

[30] R. S. Varga, Matrix Iterative Analysis, Inc. Englewood Cliffs, New Jersy, Prentice- Hall, 1962.

[31] I. Vincze: Über das Ehrenfestsche Modell der Wärmeübertragung.Archiv der Mathematik XV, 394–400(1964).

[32] Vu Kim Tuan and R. Gorenflo, ZAMM. Z. angew. Math. Mech. 75, No. 8, 646– 648(1995).

[33] M. C. Wang and G. E. Uhlenbeck, On the theory of Brownian motion Π, Rev.

Mod. Phys. 17, 323–342(1956).