HIERARCHICAL DECOMPOSITION OF DOMAINS WITH FRACTURES

SUSANNA GEBAUER, RALF KORNHUBER, AND HARRY YSERENTANT

Abstract. We consider the efficient and robust numerical solution of elliptic problems with jumping coefficients occurring on a network of thin fractures. We present an iterative solution concept based on a hierarchical separation of the fractures and the surrounding rock matrix. Upper estimates for the convergence rates are independent of the width of the fractures and of the jumps of the coefficients. Inexact solution of the local subproblems is also considered. The theoretical results are illustrated by numerical experiments.

1. Introduction

Saturated groundwater flow in fractured porous media can be described by linear elliptic problems. Fractures on one or more micro scales are usually represented by effective parameters of corresponding single or multi-porosity models based on homogenization techniques. Fractures on macro scales directly enter the geometry of the mathematical model. For lack of data, such fracture networks are typically generated automatically based on stochastic reasoning [20]. The permeability k_F within the fractures is usually some orders of magnitude larger than the permeability of the surrounding rock matrix, while their width ϵ_F might be some orders of magnitude smaller than the overall computational domain. Similar problems occur in other applications: The heat transfer in the human body is dominated by the blood vessels which, depending on their size, are represented by effective parameters [7, 8] or have to be incorporated directly. Another example concerns diffusion induced drug permeation through stratum corneum [11, 16]. In this case, the lipid “mortar” between the corneocytes plays the role of the fractures.

In order to avoid numerical troubles resulting from small width ϵ_F and large permeability k_F , fractures (or vessels) are often discretized by lower dimensional elements [2, 12, 13] (or [18]). However, there are also some disadvantages of this approach. For example, outward normal flow and mass conservation across the interface are not incorporated. This motivated recent work on equidimensional discretizations [9, 10, 14, 15].

On this background, we consider the efficient and robust numerical solution of elliptic problems with jumping coefficients occurring on a network of long, thin fractures. Robustness means that the complexity should not depend on the crucial parameters ϵ_F and k_F . To this end, the fracture network is discretized by anisotropic isoparametric bilinear finite elements while usual triangular elements are used elsewhere. The main part of the paper concentrates on the iterative solution of the resulting discrete problems. We introduce so-called hierarchical domain

This work has been funded in part by the German Science foundation under contract Ko 1806/2-1 and Ko 1806/2-3 . 1

decomposition methods (HDD) based on a hierarchical splitting of the discrete solution space into three subspaces associated with the interior of the fractures, the interface, and the surrounding rock matrix. The matrix space consists of functions which are essentially constant across the fractures. We show that the stability of this decomposition and therefore the convergence speed of the resulting subspace correction method is independent of ϵ_F , k_F and of the mesh size. The proof is based on the assumption that the fractures are “almost” lower dimensional in the sense that their resolution by isotropic elements is not desirable, e.g., for efficiency reasons. This setting allows to trace back the stability of the hierarchical decomposition to the optimal stability properties of one-dimensional interpolation. As a consequence, our approach is applicable in any space dimension. Exceptional situations like crossings of fractures or fractures ending in the computational domain can be resolved by local estimates on the surrounding elements. The exact solution of the three local subproblems can be replaced by suitable multigrid methods. We present an illustrative example adapting well-known results on hierarchical bases. In this case, the number of refinement steps enters only polynomially and independence of ϵ_F and, in particular, of k_F is preserved. However, this result is restricted to two space dimensions. In our numerical experiments, we observe similar convergence speed as for classical multigrid methods applied to the Laplace equation.

In a sense, our approach is complementary to the algorithm presented by Heisig et al. [11] which aims at compensating small ε_F by successive anisotropic refinement and accounts for large k_F by ILU-smoothing. Algebraic multigrid methods (see, e.g., [4, 19] or [22] for an overview) usually work reasonably well but mostly suffer from a certain lack of theory. Apel and Schöberl [1] consider a completely different anisotropic problem with a tensor product structure, where line (or plane) smoothers or semi-coarsening can be applied.

The paper is organized as follows. We first present a model problem with two fractures crossing in a two-dimensional domain, its discretization and an a priori estimate of the discretization error which is robust with respect to ϵ_F and k_F . The next two sections concentrate on the stable separation of the subspace associated with the interior of the fractures and the interface. In Section 5 we present the resulting HDD algorithm together with an inexact variant and derive upper bounds for the convergence rates. Numerical experiments confirm our theoretical findings.

2. A discrete elliptic problem on a domain with fractures

Let Ω ⊂ R^2 be a polygonal domain, e.g. the unit square, with the two fractures

Ω^i_F = {x ∈ Ω | x = b^i_F + sd^i_F + tn^i_F , s ∈ R, t ∈ (0, ε_F )}, i = 1, 2,

each of which is characterized by its position vector b^i_F , direction d^i_F , normal n^i_F and width ϵ_F > 0. We assume that the fractures cross inside of Ω, i.e. that Ω_c ⊂ Ω, Ω_c = Ω^1_F ∩ Ω^2_F . The network of fractures is denoted by Ω_F = Ω^1_F ∪ Ω^2_F while Ω_M = Ω \ Ω_F and Γ = Ω_M ∩ Ω_F represent the rock matrix and the interface, respectively. This leads to the decomposition

(2.1) Ω = Ω_F ∪ Γ ∪ Ω_M .

We consider the elliptic variational problem

(2.2) u ∈ H : a(u, v) = ℓ(v) ∀v ∈ H with the symmetric bilinear form a(v, w) = (K∇u, ∇v)_L2_{(Ω)} and jumping permeability K,

(2.3) K(x) = { k_F ≥ 1, x ∈ Ω_F 1, x ∈ Ω_M .

For simplicity, let H = H^1_0 (Ω) and ℓ ∈ H^′ is some right hand side. The energy norm is denoted by ‖ · ‖ = a(·, ·)^{1/2}.

Let P_0 = T_0 ∪ Q_0 be a subdivision of Ω = Ω_M ∪ Ω_F consisting of the partitions

Ω_M = ⋃ T ∈T_0

T, Ω_F = ⋃ Q∈Q_0 Q into triangles T and trapezoidals Q, respectively. We assume that the vertices of each trapezoidal Q ∈ Q_0 lie on Γ (see the left picture in Figure 2.1). In particular,

Q_c := Ω_c ∈ Q_0

is a parallelogram. We further assume that P_0 is conforming in the sense that the intersection of two different elements is either a common edge, a common vertex or empty. Finally, P_0 is supposed to be shape regular in the sense that all P ∈ P_0 have positive area and all Q ∈ Q_0 have four different vertices. Equivalently, there are positive constants s_0, γ_0 ∈ R such that

(2.4) s_0h_Q ≤ h^′_Q, ∀Q ∈ Q_0 \ {Q_c}, γ_0 ≤ γ_P ≤ π − γ_0 ∀P ∈ P_0

holds with h_Q ≥ h^′_Q denoting the lengths of the two parallel edges contained in Γ and γ_P is an arbitrary interior angle. Note that all edges of Q_c have the same length h_{Qc} .

Though all results and algorithms to be presented can be directly extended to locally refined grids, we assume for simplicity that the triangulation T_1 is obtained by uniform refinement of T_0. More precisely, each triangle T ∈ T_0 is subdivided into four similar subtriangles. Connecting the resulting new midpoints of opposite edges of each Q ∈ Q_0 \ {Q_c}, we get the set Q_1 of anisotropically refined trapezoidals . Reiteration of this procedure leads to a sequence of refined partitions P_j = T_j ∪ Q_j , j = 0, 1, . . . . Observe that P_j is conforming and the shape regularity (2.4) is preserved uniformly in j. In particular, the angle condition in (2.4) implies

(2.5) h_Q − h^′_Q ≤ ε_F (sin γ_0)^2

= O(ε_F ) ∀Q ∈ Q_j

so that the elements of Q_j tend to (highly anisotropic) parallelograms as ε_F tends to zero.

We assume that the fractures are long, thin objects in the sense that the resolution of the corresponding anisotropy of the elements Q ∈ Q_0 by the above refinement procedure is not desirable, e.g., for efficiency reasons. More precisely, we impose the condition

(2.6) ε_F ≤ C_0h_Q ∀Q ∈ Q_j

that the width of the fractures is bounded by the size of the surrounding mesh.

Anisotropic refinement of Q_j in the other direction is performed by bisecting and connecting the midpoints of all edges not contained in Γ. Application of k steps of this procedure to P_j provides the partition P_{jk} = T_j ∪ Q_{jk} (see the right picture of Figure 2.1 for j = 1, k = 2). The refined partitions P_{jk} are conforming and the

Figure 2.1. Initial partition P_0 and refined partition P_{12}

shape regularity (2.4) holds uniformly in j, k ∈ N. Finally note that P_{jk} does not depend on the order of the above two types of refinement steps.

For given j, k, let S_{jk} ∈ H^1_0 (Ω) be the subspace of functions v such that v|_T is linear and v|_Q is isoparametric bilinear for all T ∈ T_j and Q ∈ Q_{jk}, respectively. Then the corresponding finite element discretization of the continuous problem (2.2) reads as follows

(2.7) u_{jk} ∈ S_{jk} : a(u_{jk}, v) = ℓ(v) ∀v ∈ S_{jk} .

In preparation for an error estimate, we introduce the weighted Sobolev norms

(2.8) ‖v‖_{m,K} = ∑ |α|≤m ∫ Ω K(x)(D^αv(x))^2 dx,

for m = 0, 1, . . . , using standard multi-index notation (cf., e.g. [6, Chapter 1]). The obvious norm equivalence

‖v‖_Hm_{(Ω)} ≤ ‖v‖_{m,K} ≤ k_F ‖v‖_Hm_{(Ω)}

directly extends to the corresponding intermediate norms ‖v‖_Hs_{(Ω)} ‖v‖_{s,K} , s ∈ R, as obtained by interpolation (cf. Bergh and Löfström [3] or Brenner and Scott [6, Chapter 12]).

Proposition 2.1. Assume that u ∈ H^{1+s}(Ω) with 0 < s ≤ 1. Then the finite element solution u_{jk} satisfies the error estimate

(2.9) ‖u − u_{jk}‖ ≤ Ch^s_{jk}‖u‖_{1+s,K} , h_{jk} = max_{P ∈Pjk} diam P,

with a constant C = C(s_0, γ_0) depending only on the shape regularity (2.4) of P_0.

Proof. Utilizing the Lax-Milgram lemma together with standard estimates of the interpolation error on isotropic triangles or trapezoidals and the results of Ženíšek and Vanmaele [21] for the anisotropic case, we obtain the estimate

‖u − u_{jk}‖ ≤ ch_{jk}‖u‖_{2,K}

provided that u ∈ H^2(Ω). Here, the constant c depends only on the shape regularity of P ∈ P_{jk} and therefore of P_0. Now the desired estimate (2.9) follows from standard results on interpolated Sobolev spaces [3],[6, Chapter 12]. □

3. Separation of the fractures We consider the direct splitting (3.1) S_{jk} = S^M_j ⊕ S^F_{jk} of the finite element space S_{jk} into the fracture space (3.2) S^F_{jk} = { v ∈ S_{jk} | v|_{ΩM} = 0 } and its complement S^M_j consisting of all v ∈ S_{jk} such that v|_Q is isoparametric bilinear for all Q ∈ Q_j . The stability of the splitting (3.1) is equivalent to the stability of the interpolation operator I^M_{jk} : S_{jk} → S^M_j defined by I^M_{jk} v(p) = v(p), p ∈ N^M_j .

Here, N^M_j denotes the set of all the vertices of P ∈ P_{jk} which lie in Ω_M . Stability of I^M_{jk} will be shown by local estimates. To this end, we first consider transformations to suitable reference elements.

The nodes of Q = (p_1, . . . , p_4) ∈ Q_j are ordered anti-clockwise and, for Q ≠ Q_c, in such a way that the lengths h_Q, h^′_Q of the edges [p_1, p_2], [p_3, p_4] lying in Γ satisfy h^′_Q ≤ h_Q. With each Q ≠ Q_c we associate the reference element Q̂ = [0, 1] × [0, ε] where ε = ε_F /h_Q. Observe, that we always have ε ≤ C_0 by (2.6), but ε → 0 occurs for ε_F → 0. For the isotropic crossing Q_c we select the canonical reference element Q̂_c = [0, 1]^2. Let F_Q : Q̂ → Q denote the bijective bilinear mapping such that the ordering of the vertices is preserved and F_Q(0, 0) = p_1.

Throughout this paper, we write a ⪯ b for a ≤ Cb and a ≍ b for cb ≤ a ≤ Cb with some c, C depending only on the constants s_0, γ_0 and C_0 from (2.4) and (2.6), respectively.

Lemma 3.1. Let Q ∈ Q_j . Each v ∈ H^1(Q) and its transformation v̂, v̂ = v(F_Q(·)) : Q̂ → R, satisfy the norm equivalence (3.3) ‖∇v‖_L2_{(Q)} ≍ ‖∇v̂‖_L2_{(Q̂)}.

Proof. As the assertion is well-known for Q = Q_c, we only have to consider the remaining case Q ≠ Q_c. The chain rule yields ∇v̂ = ∇vB_Q denoting B_Q = F^′_Q. Elementary calculations utilizing (2.4) and (2.5) provide |B_Q| ⪯ (1 +^{hQ−h′Q}_{εF} ) max{h_Q, ε_F ε } = h_Q where | · | is the spectral norm. Similarly, we get |B^{−1}_Q | ⪯ (1 +^{hQ−h′Q}_{εF} ) max{h^{−1}_Q , ε ε_F

} ⪯ h^{−1}_Q and in addition | det B_Q| ≤ h_Q ε_F ε = h^2_Q, | det B^{−1}_Q | ⪯ h^{−1}_Q ε ε_F

= h^{−2}_Q so that the assertion follows from the substitution rule for integrals. □

The following technical lemma allows to extend basic arguments from onedimensional intervals to long, thin elements in higher dimensions. In this sense, it is crucial for the rest of this paper.

Lemma 3.2. Let w : Q̂ = [0, 1] × [0, ε] → R be such that w(ξ, ·) is absolutely continuous for each fixed ξ ∈ [0, 1], w(·, η) is linear for each fixed η ∈ [0, ε], and w(ξ, 0) = w(ξ, ε) = 0 holds for all ξ ∈ [0, 1]. Then (3.4) ‖∇w‖^2_{L2(Q̂)} ≤ (1 + 12ε^2)‖^∂_{∂η} w‖^2_{L2(Q̂)}.

Proof. The assertion will be proved in three steps. First, let f : [0, ε] → R be absolutely continuous and f(0) = 0. Then the fundamental theorem of calculus together with Cauchy’s inequality yields

(3.5)

∫_ε 0 (f(η))^2 dη =

∫_ε 0 (∫_s 0 1 · f^′(s) ds

)_2

dη ≤ ε^2

∫_ε 0 (f^′(s))^2 ds.

Next, let g : [0, 1] → R be linear. Then elementary calculation leads to

(3.6) (g(1) − g(0))^2 ≤ 12

∫_1 0 (g(ξ))^2 dξ where, in particular, the binomial estimate (a − b)^2 ≤ 4(a^2 + ab + b^2) ∀a, b ∈ R has been used. Inserting f(η) = w(1, η) − w(0, η) and g(ξ) =^∂_{∂η} w(ξ, η) for fixed η, in (3.5) and (3.6), respectively, the assertion follows from

∫_ε 0 ∫_1 0 (_∂ ∂ξ w(ξ, η)

)_2

dξ dη =

∫_ε 0 (w(1, η) − w(0, η))^2 dη

≤ ε^2

∫_ε 0 (_∂ ∂η (w(1, η) − w(0, η))

)_2 dη ≤ 12ε^2

∫_ε 0 ∫_1 0 (_∂ ∂η w(ξ, η)

)_2 dξ dη. □ Now we can state a local estimate for anisotropic elements Q ≠ Q_c.

Lemma 3.3. The estimate (3.7) ‖∇I^M_{jk} v‖_L2_{(Q)} ⪯ ‖∇v‖_L2_{(Q)} holds for all v ∈ S_{jk} and Q ∈ Q_j \ {Q_c}.

Proof. Transformation of I^M_{jk} v to the reference element Q̂ = [0, 1] × [0, ε] provides Îv̂, where v̂ is the transformation of some v ∈ S_{jk} and Î denotes the bilinear interpolation at the vertices of Q̂. It is easily checked that w = v̂ − Îv̂ satisfies the assumptions of Lemma 3.2. Hence, ‖∇(v̂ − Îv̂)‖^2_{L2(Q̂)} ≤ (1 + 12ε^2)‖^∂_{∂η} (v̂ − Îv̂)‖^2_{L2(Q̂)}.

Using the orthogonality ∫_ε 0 ∂ ∂η (v̂ − Îv̂)^∂_{∂η} Îv̂ dη = 0 we get ‖^∂_{∂η} (v̂ − Îv̂)‖^2_{L2(Q̂)} ≤ ‖^∂_{∂η} v̂‖^2_{L2(Q̂)} so that the assertion follows from Lemma 3.1. □

The proof of Lemma 3.3 extends the stability of nodal interpolation from intervals to long, thin elements in two space dimensions. We emphasize that stability of nodal interpolation on anisotropic elements in three space dimensions can be derived in a similar way.

The above technique cannot be applied to the isotropic crossing Q_c. The basic idea to treat such exceptional elements is first to estimate the norm of I^M_{jk} v on Q_c by the norm of I^M_{jk} v on a neighboring element Q ∈ Q_j \ Q_c and then to apply the preceding Lemma 3.3. Observe that v|_{Qc} does not enter the resulting upper bound. Lemma 3.4. There is a neighboring element Q ∈ Q_j of Q_c such that the estimate (3.8) ‖∇I^M_{jk} v‖_L2_{(Qc)} ⪯ ‖∇v‖_L2_{(Q)} holds for all v ∈ S_{jk} .

Proof. Let ŵ be a bilinear function on Q̂ = [0, 1] × [0, ε] interpolating the values w_1, . . . , w_4 in the vertices (0, 0), (1, 0), (1, ε), (0, ε). Elementary calculation yields (3.9)

‖∇ŵ‖^2_{L2(Q̂)} =^1_3 ε ( (w_2 − w_1)^2 + (w_3 − w_4)^2 + (w_2 − w_1)(w_3 − w_4) ) +^1_3 ε^{−1} ( (w_4 − w_1)^2 + (w_3 − w_2)^2 + (w_4 − w_1)(w_3 − w_2) ) . Hence, the binomial estimate (3.10)^4_3 (a^2 + b^2 + ab) ≥ a^2 ∀a, b ∈ R provides (3.11) 4ε‖∇ŵ‖^2_L2_{(Qc)} ≥ max{(w_4 − w_1)^2, (w_3 − w_2)^2}. Replacing Q̂ by Q̂_c = [0, 1]^2, formula (3.9) obviously holds with ε = 1. Using ab ≤^1_2 (a^2 + b^2) we easily get (3.12) ‖∇ŵ‖^2_L2_{(Qc)} ≤ 2 max_{l=1,...,4}(w_{l+1} − w_l)^2

denoting w_5 = w_1.

Now let v ∈ S_{jk} and w = I^M_{jk} v. Using (3.12) together with Lemma 3.1 we obtain without loss of generality ‖∇w‖^2_L2_{(Qc)} ⪯ max_{l=1,...,4}(w_{l+1} − w_l)^2 = (w_4 − w_1)^2.

In this case, we select Q = (p_1, p_2, p_3, p_4) ∈ Q_j of Q_c such that p_1, p_4 ∈ Q ∩ Q_c. Then (3.11) and Lemma 3.1 provide the estimate ‖∇w‖_L2_{(Qc)} ⪯ ‖∇w‖_L2_{(Q)} and the assertion follows from the preceding Lemma 3.3. □ Estimates of the norm of I^M_{jk} v on other exceptional elements, occurring, e.g., at the end of a fracture, by its norm on neighboring elements can be derived in a similar way. We also refer to the proof of Proposition 4.1 later on.

We are ready for the main result of this section.

Proposition 3.1. For each v ∈ S_{jk} the decomposition v = v^F + v^M into v^F ∈ S^F_{jk} and v^M ∈ S^M_j satisfies (3.13) ‖v^F ‖^2 + ‖v^M ‖^2 ⪯ ‖v‖^2.

Proof. As a consequence of Lemma 3.3 and Lemma 3.4 we obtain ‖I^M_{jk} v‖^2 = ∑ T ∈T_j

‖∇v‖^2_L2_{(T )} + ∑ Q∈Q_j

k_F ‖∇I^M_{jk} v‖^2_L2_{(Q)} ⪯ ‖v‖^2

so that the assertion follows with v^M = I^M_{jk} v and v^F = v − I^M_{jk} v. □

The gradient of a function v ∈ S^M_j with fixed nodal values typically becomes arbitrary large as ε_F → 0. This causes problems with the robustness of iterative solvers for local subproblems on S^M_j with respect to small ε_F . As a remedy, we now consider a further splitting of S^M_j into a space of functions living on the interface Γ and another space of functions which are essentially constant across the fractures.

4. Separation of the interface We decompose the interface Γ = Γ_0 ∪ Γ_1 into its ’lower’ and ’upper’ part consisting of Γ_l = {x ∈ Ω | x = b^i_F + sd^i_F + ln^i_F , s ∈ R, i = 1, 2} with l = 0 and l = 1, respectively. Let N^{Γ0}_j = N_j ∩ Γ_0 and E^F_j = E_j ∩ Ω^F with N_j and E_j denoting the sets of interior vertices and edges of P ∈ P_j , respectively. We consider the direct splitting (4.1) S^M_j = S^M_j ⊕ S^{Γ0}_j into the interface space

(4.2) S^{Γ0}_j = { v ∈ S^M_j | v(p) = 0 ∀p /∈ N^{Γ0}_j } , and its complement S^M_j consisting of all v ∈ S^M_j such that v|_E is constant for all edges E ∈ E^F_j . The splitting (4.1) is induced by the interpolation operator I^M_j : S^M_j → S^M_j defined by

I^M_j v(p) = v(p) p ∈ N_j \ N^{Γ0}_j .

If p ∈ N^{Γ0}_j , then I^M_j v(p) = v(p^∗) where p^∗ is the vertex of the edge E = (p, p^∗) ∈ E^F_j or the vertex of Q_c which is not contained in N^{Γ0}_j . In particular, I^M_j v is constant on Q_c.

We proceed with local stability estimates on T ∈ T_j and Q ∈ Q_j , respectively. Lemma 4.1. The estimate

(4.3) ‖∇I^M_j v‖^2_L2_{(T )} ⪯ ‖∇v‖^2_L2_{(T )} + 3∑ i=1 ( I^M_j v(p_i) − v(p_i)

)_2

holds for all v ∈ S^M_j and all T = (p_1, . . . , p_3) ∈ T_j .

Proof. We set w = I^M_j v and ŵ, v̂ denote the usual transformations of w, v to the reference element T_0 = ((0, 0), (1, 0), (0, 1)). Elementary calculations provide ‖∇ŵ‖^2_{L2(T0 )} =^1_2 ( (w_2 − w_1)^2 + (w_3 − w_1)^2 ) ≤ 2‖∇v̂‖^2_{L2(T0)} + 4

∑_3 i=1 (w_i − v_i)^2 and the assertion follows from the well-known estimates ‖∇w‖_L2_{(T )} ⪯ ‖∇ŵ‖_L2_{(T0)} and ‖∇v̂‖_L2_{(T0 )} ⪯ ‖∇v‖_L2_{(T )}. □

Lemma 4.2. The estimates (4.4) ‖∇I^M_j v‖_L2_{(Q)} ⪯ ‖∇v‖_L2_{(Q)}, max_{i=1,...,4} ( I^M_j v(p_i) − v(p_i)

)_2 ⪯ ‖∇v‖^2_L2_{(Q)} hold for all v ∈ S^M_j and all Q = (p_1, . . . , p_4) ∈ Q_j .

Proof. We set w = I^M_j v and ŵ, v̂ denote the transformed functions on the reference element Q̂ = [0, 1] × [0, ε]. In the light of Lemma 3.1 it is sufficient to show (4.5) ‖∇ŵ‖_{L2(Q̂)} ⪯ ‖∇v̂‖_{L2(Q̂)}, max_{i=1,...,4} (w_i − v_i)^2 ⪯ ‖∇v̂‖^2_{L2(Q̂)}, respectively. Here, we have set w_i = w(p_i), v_i = v(p_i). As v̂ is bilinear on Q̂, we can use (3.11) to obtain

4ε‖∇v̂‖^2_{L2(Q̂)} ≥ max{(v_4 − v_1)^2, (v_3 − v_2)^2} = max_{i=1,...,4}(w_i − v_i)^2 which is the right estimate in (4.4). Note that

‖∇ŵ‖^2_{L2(Q̂)} = ε(w_2 − w_1)^2 ≤ ε max_{i,l=1,...,4}(v_i − v_l)^2 ≤ 4ε max_{l=1,...,4}(v_{l+1} − v_l)^2, where we have set v_5 = v_1. Using the binomial estimate (3.10) and the representation (3.9) of ‖∇v̂‖^2_{L2(Q̂)} we further get ε max

l=1,...,4

(v_{l+1} − v_l)^2 ≤ 4(1 + ε^2)‖∇v̂‖^2_{L2(Q̂)} which proves the assertion for Q ≠ Q_c. In the case Q = Q_c the left estimate in (4.4) is trivial and the right one follows by similar arguments as before. □ Now we are ready to prove stability of the splitting (4.1).

Proposition 4.1. For each v ∈ S^M_j the decomposition v = v^M +v^{Γ0} into v^M ∈ S^M_j and v^{Γ0} ∈ S^{Γ0}_j satisfies (4.6) ‖v^M ‖^2 + ‖v^{Γ0} ‖^2 ⪯ ‖v‖^2.

Proof. Let v ∈ S^M_j . We set v^M = I^M_j v and v^Γ_0 = v − I^M_j v. Utilizing Lemma 4.1 and Lemma 4.2 we get

‖∇v^M ‖^2_L2_{(T )} ⪯ ‖∇v‖^2_L2_{(T )} + ∑ Q∈Q_j (T )

‖∇v‖^2_L2_{(Q)} ∀T ∈ T_j

denoting Q_j (T ) = {Q ∈ Q_j | Q ∩ T ≠ ∅}. As a consequence of the minimal angle condition (2.4) we have ∑ T ∈T_j ∑ Q∈Q_j (T )

‖∇v‖^2_L2_{(Q)} ⪯ ∑ Q∈Q_j

‖∇v‖^2_L2_{(Q)}.

Together with k_F ≥ 1 and Lemma 4.2 these estimates provide ‖v^M ‖^2 = ∑ T ∈T_j

‖∇v^M ‖^2_L2_{(T )} + ∑ T ∈Q_j

k_F ‖∇v^M ‖^2_L2_{(Q)} ⪯ ‖v‖^2.

The assertion now follows from the triangle inequality. □

Note that Proposition 4.1 implies the stability of the overlapping splitting (4.7) S^M_j = S^M_j + S^Γ_j where S^{Γ0}_j is replaced by the larger space (4.8) S^Γ_j = { v ∈ S^M_j | v(p) = 0 ∀p ∈ N_j ∩ Ω_M } . Utilizing Proposition 3.1, we also get the stability of the decomposition S_{jk} = S^M_j + S^F_{jk} denoting S^F_{jk} = S^F_{jk} + S^Γ_j .

5. Hierarchical domain decomposition methods The successive subspace correction method (cf. Xu [23] or Yserentant [25]) resulting from a decomposition S_{jk} = W_0 + W_1 + · · · + W_J , W_l ⊂ S_{jk} , and symmetric, positive definite bilinear forms b_l(·, ·) on W_l reads as follows: Starting with some given iterate w_{−1} = u^ν_{jk} ∈ S_{jk} , a sequence of intermediate iterates w_l, l = 0, . . . , J, is computed according to

(5.1) v_l ∈ W_l : b_l(v_l, v) = ℓ(v) − a(w_{l−1}, v) ∀v ∈ W_l w_{l+1} = w_l + v_l and u^{ν+1}_{jk} = w_J is the subsequent iterate. Hierarchical domain decomposition methods are obtained from decompositions as presented in the preceding sections. Theorem 5.1. Let W_0 = S^M_j , W_1 = S^Γ_j , W_2 = S^F_{jk} with S^M_j , S^Γ_j and S^F_{jk} defined in (4.1), (4.8) and (3.2), respectively, and select b_l(·, ·) = a(·, ·) for l = 0, 1, 2.

Then the iterates u^ν_{jk} of the resulting hierarchical domain decomposition method converge to the exact solution u_{jk} of (2.7) and satisfy the error estimate ‖u_{jk} − u^{ν+1}_{jk} ‖^2 ≤ ρ‖u_{jk} − u^ν_{jk}‖^2, ν = 0, . . . , with ρ < 1 depending only on the shape regularity (2.4) of the initial partition P_0 and on the constant C_0 in (2.6).

Proof. The proof follows from general convergence results for subspace correction methods (cf. Xu [23] or Yserentant [25]). More precisely, we can apply Theorem 5.1 in [25] with ω = 1, K_1 ⪯ 1 (cf. Propositions 3.1, 4.1) and K_2 = 3. □ We emphasize that Theorem 5.1 implies robust convergence with respect to arbitrary large permeability k_F and arbitrary small width ε_F of the fractures. These results are not restricted to two space dimensions. Utilizing the techniques presented in the preceding sections robust HDD algorithms with mesh-independent convergence rates can be derived for three space dimensions and for more complicated geometries like multiple crossings or fractures ending in the computational domain.

We now consider an inexact version of the above HDD algorithm replacing the exact solution of the local subproblem (5.1) for W_0 = S^M_j by one step of a multigrid method. From now on, our considerations are limited to two space dimensions.

Successive refinement in the rock matrix gives rise to the following sequence of nested subspaces (5.2) S^M_0 ⊂ · · · ⊂ S^M_{j−1} ⊂ S^M_j , where S^M_l consists of all functions v ∈ H^1_0 (Ω) such that v|_T is linear for all T ∈ T_l, v|_Q is isoparametric bilinear for all Q ∈ Q_l, and v|_E is constant for all edges E ∈ E_l. Recall that E_l and N_l are denoting the sets of interior edges and vertices of P ∈ P_l, respectively. The underlying refinement rules imply c2^{−l} ≤ diam(T ) ≤ C2^{−l} ∀T ∈ T_l with constants c, C depending only on the initial triangulation T_0. From now on constants hidden by the shortcuts^′ ≍^′ and^′ ⪯^′ may additionally depend on c, C.

The nodal interpolation I_l : S_j → S_l defined by (5.3) I_lv(p) = v(p), p ∈ N_l, gives rise to the direct splitting (5.4) S^M_j = V_0 ⊕ V_1 ⊕ · · · ⊕ V_j into the subspaces (5.5) V_0 = S^M_0 , V_l = (I_l − I_{l−1})S^M_j , l = 1, . . . , j. We state a variant of the well-known stability result of Yserentant [24]. Recall the weighted L^2-norm ‖ · ‖_{0,K} defined in (2.8).

Proposition 5.1. For each v ∈ S^M_j the decomposition v =

∑_j l=0 v_l into v_l ∈ V_l satisfies

(5.6) ‖v_0‖^2 + j∑ l=1 4^l‖v_l‖^2_{0,K} ⪯ (1 + j)^2‖v‖^2.

Proof. Let v ∈ S^M_j . First note that 4^l‖(I_l − I_{l−1})v‖^2_{0,K} ⪯ ‖I_lv‖^2, l = 1, . . . , j, can be shown by transformation to reference elements T̂ or Q̂ and exploiting the equivalence of norms on 2- or 5-dimensional quotient spaces. Hence, it is sufficient to prove (5.7) ‖I_lv‖^2 ⪯ (1 + j − l)‖v‖^2, l = 0, . . . , j. Obviously, (5.7) is a consequence of the local estimate ‖∇I_lv‖^2_L2_{(P )} ⪯ (1 + j − l)‖∇v‖^2_L2_{(P )} ∀P ∈ P_l = T_l ∪ Q_l which is well-known for T ∈ T_l (cf. Yserentant [24]). In order to show (5.8) ‖∇I_lv‖^2_L2_{(Q)} ⪯ ‖∇v‖^2_L2_{(Q)}, ∀Q ∈ Q_l we set w = I_lv and let ŵ, v̂ denote the transformed functions on the reference element Q̂ = [0, 1] × [0, ε]. As^∂_{∂η} ŵ =^∂_{∂η} v̂ = 0 the orthogonality ∫_1 0 ∂ ∂ξ ŵ^∂_{∂ξ} (v̂ − ŵ) dξ implies ‖∇v̂‖^2_{L2(Q̂)} = ‖∇ŵ‖^2_{L2(Q̂)} + ‖∇(v̂ − ŵ)‖^2_{L2(Q̂)} ≥ ‖∇ŵ‖^2_{L2(Q̂)} so that (5.8) follows from Lemma 3.1. This proves the assertion. □ Next we extend a sharpened Cauchy-Schwarz inequality from classical finite element spaces to S^M_l . Recall the weighted L^2-norm ‖ · ‖_{0,K} as introduced in (2.8). Proposition 5.2. Let 0 ≤ k < l ≤ j. Then the estimate (5.9) a(v, w) ⪯

(_{1√} 2 )_{l−k} ‖v‖2^l‖w‖_{0,K} holds for all v ∈ S^M_k and w ∈ S^M_l .

Proof. It is sufficient to show the local estimate (5.10) (∇v, ∇w)_L2_{(P )} ⪯ ( 1 √ 2 )^{l−k}‖∇v‖_L2_{(P )}2^l‖w‖_L2_{(P )} ∀P ∈ T_k ∪ Q_k.

As (5.10) is well-known for T ∈ T_l (cf., e.g., [25, p. 313]), we only have to consider the case P = Q ∈ Q_k. Then the transformation to the associated reference element Q̂ leads to (∇v, ∇w)_L2_{(Q)} = ε

∫_1 0 α(ξ)v̂_ξŵ_ξ dξ because v and w are constant along edges E ∈ E_k. Here α(ξ) is a quadratic polynomial with the properties α(ξ) ≍ 1, |α^′(ξ)| ⪯ 1 ∀ξ ∈ [0, 1].

Now (5.10) follows from a one-dimensional version of the arguments used in the proof of Lemma 6.1 in [25]. □ We now present an inexact variant of HDD which requires a multigrid V -cycle and the exact solution of local problems on S^Γ_j and S^F_{jk} in each iteration step. Theorem 5.2. Let W_l = S^M_l , l = 0, . . . , j, W_{j+1} = S^Γ_j , W_{j+2} = S^F_{jk} with S^M_l , S^Γ_j and S^F_j defined in (5.2), (4.8) and (3.2), respectively. Let b_l(·, ·), be generated by symmetric Gauß-Seidel smoothers for l = 1, . . . , j and b_l(·, ·) = a(·, ·) for l = 0, j + 1, j + 2.

Then the iterates u^ν_{jk} of the resulting hierarchical domain decomposition method converge to the exact solution u_{jk} of (2.7) and satisfy the error estimate ‖u_{jk} − u^{ν+1}_{jk} ‖^2 ≤ ( 1 − C(1 + j)^{−3} ) ‖u_{jk} − u^ν_{jk} ‖^2, ν = 0, . . . , with C depending only on the initial partition P_0 and the constant C_0 from (2.6). Proof. We select the direct splitting (5.11) S_{jk} = V_0 ⊕ V_1 ⊕ · · · ⊕ V_J , J = j + 2, into the subspaces V_l ⊂ W_l, l = 0, . . . , j, defined in (5.5), V_{j+1} = S^{Γ0}_j ⊂ W_{j+1}, and V_{j+2} = S^F_{jk} = W_{j+2}, defined in (4.2) and (3.2), respectively. The smoothing property (2.33) in [25] holds with ω = 1 for the Gauß-Seidel smoothers b_l(·, ·), l = 1, . . . , j, and is trivial otherwise. The stability (5.2) in [25] of the decomposition

(5.11) with K_1 ⪯ (1 + j)^2 follows from Propositions 3.1, 4.1, and 5.1 utilizing the norm equivalence

(5.12) b_l(v, v) ≍ 4^l‖v‖^2_{0,K} ∀v ∈ S^M_l , l = 1, . . . , j.

Note that the refinement condition (2.6) is used in the proof of (5.12). Inserting (5.12) into (5.9) and using the smoothing property, we obtain the Cauchy-Schwarz-type inequality

a(w_k , w_l) ⪯ ( 1 √ 2 )^{|l−k|}b_k(w_k, w_k )^{12} b_l(w_l, w_l)^{12} ∀w_k ∈ W_k, w_l ∈ W_l.

This inequality directly leads to ‖ j∑ l=0 w_l‖^2 ⪯ j∑ l=0 b_l(w_l, w_l) ∀w_l ∈ W_l, l = 0, . . . , j,

and the Cauchy-Schwarz inequality provides condition (5.7) in [25] with K_2 ⪯ 1. Now the assertion follows from Theorem 5.4 in [25]. □

The proof of Theorem 5.2 directly applies to other smoothers satisfying (5.12). Even suitable non-symmetric smoothers like, e.g., the Gauß-Seidel method are allowed (cf. Neuss [17]).

According to Theorem 5.2 the inexact version of HDD preserves robustness with respect to ε_F and, as a consequence of the local properties of the interpolation operators I_l, with respect to k_F . On the other hand, stability of I_l is restricted to two space dimensions. Replacing interpolation by L^2-type projections, similar results can be obtained for three dimensions at the expense of robustness with respect to k_F .

The exact solution of the local subproblems associated with the fracture space S^F_{jk} can also be replaced by one step a multigrid method. Indeed, Lemma 3.2 provides the stability of an hierarchical splitting of the fracture space S^F_{jk} into subspaces of S^F_{jl} , l = 0, . . . , k, of functions v ∈ S^F_{jk} which are linear on all edges E ∈ E_{jl} ∩ Ω^F . Here, E_{jl} denotes the edges of P ∈ P_{jl}. The convergence rate of the resulting hierarchical multigrid method with line Gauß-Seidel smoother is robust for ε → 0 and independent of the mesh size. For similar results we refer to Bramble and Zhang [5] and the references cited therein.

Finally note that the “robust” smoothers proposed by Gebauer et al. [10] for the multigrid solution of problems on S^M_j = S^Γ_j + S^M_j can be interpreted in terms of a suitable multilevel splitting of S^Γ.

6. Numerical results

We consider the model problem

(6.1) ∇ · (K∇u) = 0 on Ω = (0, 6) × (0, 6) with K defined in (2.3), u(0, y) = 2, u(6, y) = 1 for y ∈ [0, 6] and homogeneous Neumann data elsewhere. Obviously, (6.1) can be written in weak form (2.2) with suitable H and ℓ. The fracture network Ω_F together with the initial partition P_0 is shown in the left picture of Figure 2.1 for a comparatively large width ε_F = 0.2. Corresponding partitions for smaller ε_F are obtained by shifting the nodes lying on the interface Γ towards the centerlines of the fractures. In the limit case ε_F = 0 the fractures disappear and the problem reduces to the Laplace equation.

Figure 6.1. Robustness with respect to increasing k_F and vanishing ε_F

Figure 6.2. Influence of large ε_F /h_Q and small interior angles γ

In order to illustrate the robustness of the hierarchical domain decomposition method presented in Theorem 5.2, we consider the corresponding discretized problem (2.7) for j = 6 and k = 2. In the left picture of Figure 6.1 we depict the convergence rates for fixed ε_F = 10^{−5} and increasing permeability k_F . More precisely, the convergence rates are approximated by ρ = ‖u^{ν0+1}_{jk} − u^{ν0}_{jk}‖ ‖u^{ν0}_{jk} − u^{ν0−1}_{jk} ‖

where ν_0 is chosen such that ‖u^{ν0+1}_{jk} − u^{ν0}_{jk} ‖ ≤ 10^{−12}. As expected from the theoretical findings, the convergence speed is hardly influenced by the size of the jump. The right picture shows (approximate) convergence rates for fixed k_F = 1 and decreasing ε_F . The convergence rates are almost the same for 10^{−9} ≤ ε_F ≤ 10^{−2}. They scarcely differ from the convergence rates of classical multigrid for the reduced Laplace problem which are indicated by the horizontal line. Note that we have C_0 ≈ 40 in condition (2.6) for ε_F = 10^{−1} which explains the unsatisfying convergence speed for this value.

We now compare the convergence rates for fixed k_F = 10^6 and increasing number of refinement steps j. The left picture in Figure 6.2 shows that the convergence speed rapidly deteriorates for “large” ε_F = 10^{−1} (upper curve) and is hardly affected for “small” ε_F = 10^{−5} (lower curve). Note that C_0 ≈ 2 · 10^{−3} in the latter case. The right picture illustrates the influence of decreasing interior angles. The length of an edge E ∈ Γ of an element Q ∈ Q_0 is shifted by a fixed factor s (independent of ε_F ). This leads to an interior angle γ ≈ arctan(ε_F /s) which obviously tends to zero for increasing s and small ε_F . It is interesting to see how convergence rates branch off for increasing s or, equivalently, for γ becoming too small. These two experiments complement our analysis in the sense that moderate constants in the conditions (2.4) and (2.6) also seem to be necessary for fast convergence.

Let us remark in closing that comparisons with the algebraic multigrid method by Ruge and Stüben [19] in Gebauer [9] confirm the superiority of hierarchical domain decomposition not only from a theoretical but also from a numerical point of view.

Acknowledgment . Special thanks to R. Helmig (Uni Stuttgart), R. Hinkelmann (TU Berlin), L. Neunhäuserer (Uni Stuttgart), and S. Ochs (Uni Stuttgart) for stimulating discussions and fruitful cooperation on flow and transport in fractured porous media.

References

[1] T. Apel and J. Schöberl. Multigrid methods for anisotropic edge refinement.

SIAM J. Numer. Anal., 40:1993–2006, 2002.

[2] P. Bastian, Z. Chen, R.E. Ewing, R. Helmig, H. Jakobs, and V. Reichenberger.

Numerical solution of multiphase flow in fractured porous media. In Z. Chen, R.E. Ewing, and Z.C. Shi, editors, Numerical treatment of multiphase flows in porous media, pages 50–68. Springer, 2000.

[3] J. Bergh and J. Löfström. Interpolation Spaces. Springer, Berlin, 1976. [4] D. Braess. Towards algebraic multigrid for elliptic problems of second order.

Computing, 55:379–393, 1995.

[5] J.H. Bramble and X. Zhang. Uniform convergence of the multigrid V-cycle for an anisotropic problem. Math. Comp., 70:453–470, 2001.

[6] S. Brenner and L.R. Scott. The Mathematical Theory of Finite Element Methods. Springer, New York, 1994.

[7] P. Deuflhard and R. Hochmuth. Multiscale analysis of thermoregulation in the human microvascular system. Math. Mod. Meth. in the Appl. Sci., 27:971– 989, 2004.

[8] P. Deuflhard and R. Hochmuth. Multiscale analysis for the bio-heat-transfer equation. Math. Mod. Meth. in the Appl. Sci., to appear.

[9] S. Gebauer. Hierarchische Gebietszerlegung für die gesättigte Grundwasserströmung in Kluftaquifersystemen. PhD thesis, Institute for Mathematics II, FU Berlin, 2004.

[10] S. Gebauer, L. Neunhäuserer, R. Kornhuber, S. Ochs, R. Hinkelmann, and R. Helmig. Equidimensional modelling of flow and transport processes in fractured porous systems I. In Hassanizadeh et al., editor, Computational Methods in Water Resources’, pages 335–342. Elsevier, 2002.

[11] M. Heisig, R. Lieckfeldt, G. Wittum, G. Mazurkevich, and G. Lee. Non steadystate descriptions of drug permeation through stratum corneum I: The biphasic brick-and-mortar-model. Pharmaceutical research, 13:421–426, 1996.

[12] R. Helmig. Theorie und Numerik der Mehrphasenströmungen in geklüftet porösen Medien. PhD thesis, Universität Hannover, 1993.

[13] O. Kolditz, J. de Jonge, M. Beinhorn, M. Xie, T. Kalbacher, W. Wang, S. Bauer, C.I. McDermott, R. Kaiser, and M. Kohlmeier. ROCKFLOW

- Theory and users manual. Release 3.9. Preprint 2003-37, Center of Applied Geosciences, Geohydrology/HydroInformatics, University of Tübingen, 2003.

[14] L. Neunhäuserer. Diskretisierungsansätze zur Modellierung von Strömungsund Transportprozessen in geklüftet-porösen Medien. PhD thesis, Institut für Wasserbau, Universität Stuttgart, 2003.

[15] L. Neunhäuserer, S. Gebauer, S. Ochs, R. Hinkelmann, R. Kornhuber, and R. Helmig. Equidimensional modelling of flow and transport processes in fractured porous systems II. In Hassanizadeh et al., editor, Computational Methods in Water Resources’, pages 343–350. Elsevier, 2002.

[16] N. Neuss. Homogenisierung und Mehrgitter. PhD thesis, ICA, Universität Stuttgart, 1996.

[17] N. Neuss. V-cycle convergence with unsymmetric smoothers and application to an anisotropic model problem. SIAM J.Numer.Anal., 35:1201–1212, 1998.

[18] A. Quarteroni, M. Tuveri, and A. Veneziani. Computational vascular fluid dynamics: problems, models and methods. Comp. Vis. Sci., 2:163–197, 2000.

[19] J. Ruge and K. Stüben. Algebraic multigrid. In S.F. McCormick, editor, Multigrid methods, volume Vol. 3 of Frontiers in Applied Mathematics, pages 73–130, Philadelphia, 1987. SIAM, AMS.

[20] A. Silberhorn-Hemminger. Modellierung von Kluftaquifersystemen: Geostatistische Analyse und deterministisch - stochastische Kluftgenerierung. PhD thesis, Institut für Wasserbau, Universität Stuttgart, 2001.

[21] A. Ženíšek and M. Vanmaele. The interpolation theorem for narrow quadrilateral isoparametric finite elements. Numer. Math., 72:123–141, 1995.

[22] C. Wagner. Introduction to algebraic multigrid. Course notes, Universität Heidelberg, 1998.

[23] J. Xu. Iterative methods by space decomposition and subspace correction. SIAM Review, 34:581–613, 1992.

[24] H. Yserentant. On the multi-level splitting of finite element spaces. Numer.

Math., 49:379–412, 1986.

[25] H. Yserentant. Old and new convergence proofs for multigrid methods. Acta Numerica, pages 285–326, 1993.

Dr. Susanna Gebauer, Freie Universität Berlin, Institut für Mathematik II, Arnimallee 2-6, D - 14195 Berlin, Germany

E-mail address: susanna.gebauer@math.fu-berlin.de

Prof. Dr. Ralf Kornhuber, Freie Universität Berlin, Institut für Mathematik II, Arnimallee 2-6, D - 14195 Berlin, Germany

E-mail address: kornhuber@math.fu-berlin.de

Prof. Dr. Harry Yserentant, Technische Universität Berlin, Institut für Mathematik, Straße des 17. Juni 136, D-10632 Berlin Germany E-mail address: yserentant@math.tu-berlin.de